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ABSTRACT 

Our recent construction arXiv:0903.3966 for the fuzzy 2-sphere in terms of bifundamentals, discovered 
in the context of the ABJM model, is shown to be explicitly equivalent to the usual (adjoint) fuzzy 
sphere construction. The matrices G a that define it play the role of fuzzy Killing spinors on the 2- 
sphere, out of which all spherical harmonics are constructed. Starting from the quadratic fluctuation 
action around these solutions in the mass-deformed ABJM theory, we recover a supersymmetric D4- 
brane action wrapping a 2-sphere, including fermions. We obtain both the usual D4 action with an 
unusual x-dependence on the sphere, as well as a twisted version in terms of the usual x-dependence, 
and contrast our result with the Maldacena-Nuhez case of a D5 wrapping an S 2 . The twisted and 
unwisted fields are related by the same matrix G a . 
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1 Introduction 

The construction of worldvolume theories potentially capturing the dynamics of multiple M2-branes 
have recently received much attention. Motivated in part by the proposed BPS equation for M2_LM5 
systems of Basu-Harvey [1] (corresponding to a 'fuzzy funnel') and the work of Schwarz [2], Bagger- 
Lambert and independently Gustavsson (BLG) [3-6] proposed a maximally (jV = 8) supersymmetric 
theory in 2+1 dimensions based on a general 3-algebra. It was subsequently proved that for positive 
definite 3-algebra metric, the only possibility is the four-dimensional 3-algebra or ^-theory [7, 8], 
which was reformulated by Van Raamsdonk in terms of a conventional Chern-Simons (CS) field 
theory with gauge group SU(2)fc x SU(2)_fc and bifundamental matter fields [9]. Using the novel 
Higgs mechanism of [10] 1 it was initially conjectured that this theory describes 2 M2-branes on some 
exotic orbifold of M-theory [12, 13]. Subsequently, and also following developments in supersymmetric 

1 See also [11] for earlier work. 
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2+ld CS theories [14, 15], Aharony, Bergman, Jafferis and Maldacena (ABJM) [16] concretely realised 
the above ideas in the form of a U(iV)fc x U(iV)_fc Chern-Simons gauge theory with bifundamentals 
as the low-energy limit for the theory of N M2-branes living on a C 4 /Z^ transverse space, with the 
trade-off of reducing the supersymmetry from N = 8 to N = 6. In the case of CS level k = 1,2 
the supersymmetry is expected to get enhanced back to N = 8 and this has been recently confirmed 
explicitly with the use of monopole operators [17-19]. The implications of the ABJM model in the 
context of AdS4/CFT3 generated great interest, that however we will not review here. The theory 
was extended to an U(iV) x U(M) gauge group in [20, 21]. Based on the maximally supersymmetric 
massive deformation of BLG defined in [5, 21, 22], a maximally supersymmetric massive deformation 
of ABJM was given in [23] by Gomis, Rodriguez-Gomez, Van Raamsdonk and Verlinde (GRVV), the 
ground state of which is a fuzzy sphere solution expected to describe a configuration of M2-branes 
blowing up into spherical M5-branes through the Myers effect [24]. At k = 1 these solutions should 
have a dual description in terms of the ^-BPS M-theory geometries with flux found in [25, 26]. 

The original motivation for the latter developments, i.e. the hope of explicitly describing a BPS 
fuzzy 3-funnel for M2_LM5 systems in the pure (undeformed) ABJM theory, or the fuzzy 3-sphere for 
M2-M5 bound states in the case of the massive deformation, turned out to be unfounded. Indeed, in 
[27] it was shown that, at least in perturbation theory where the ABJM coupling A = ^ is small, the 
particular gauge theory solution for N > 2 (and thus also in the classical, large- N limit) 'deconstructs' 
a fuzzy 2-sphere instead of a fuzzy 3-sphere. 2 This is a natural expectation, as these configurations 
were found to sport only an SU(2) symmetry, to be contrasted with the SO(4)-covariant fuzzy 3- 
sphere construction of Guralnik-Ramgoolam [28-30]. Furthermore, the bosonic part of the action for 
small fluctuations was also found to be consistent with a fuzzy 2-sphere. Only when N = 2, the case 
of the 'fuzziest' (most quantum) sphere, corresponding to the Aa BLG model, is the SO(4) symmetry 
manifest and thus the solution could be interpreted as a (very fuzzy) 3-sphere. Unfortunately, no 
classical limit is possible in that example, as N is fixed. 

The above results are obtained at finite N,k. For the classical (large- N) limit, the brane inter- 
pretation, as given in [27], is that in perturbation theory one is forced by the classical (large- N) limit 
to also consider k large. Then, one descends from M-theory down to type IIA, as the M5 wrapping 
an S 3 modded out by the action of the C 4 /Z^ target space is reduced to a D4 wrapping an S 2 ; 
this is realised as the 5' 1 /Z/ C 5 3 /Z^ —> S 2 Hopf fibration, with the S l fibre shrinking k times, and 
hence to zero in the k — > 00 limit. Note in the k = 1, 2 case it should be possible to take the classical 
large N limit in a different way so that a 3-sphere does emerge, but this would be a construction for 
solutions carrying nonperturbative charges, like e.g. the ones studied recently in [31], which we cur- 
rently lack the tools to analyse. Conceivably, the presence of the monopole operators, which enhance 
supersymmetry from N = 6 to N = 8, could also enhance the fuzzy sphere symmetry to SO(4). For 
k > 2 and fixed however, it is hard to see how nonperturbative effects could change the symmetry of 
the fuzzy sphere. 

The fuzzy 2-sphere construction that appears in the above systems, as the (fuzzy) base of the 
Hopf fibration, is an interesting new model emerging out of bifundamental instead of the usual 
adjoint matrices. It should have wider applicability, in the context of general quiver gauge theories 

2 Note that this means that at finite k > N > 2, only nonperturbative effects could turn the fuzzy 2-sphere into a 
fuzzy 3-sphere, and it is difficult to see how that can happen. 
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with bifundamental matter that admit fuzzy sphere solutions, as can also be seen in [32]. 

In this work we continue the study of this bifundamental fuzzy 2-sphere realisation and its role 
in the ABJM model. We first set out to understand if this construction, based on the 'GRVV 
algebra', 3 is indeed equivalent to the usual one in terms of the SU(2) algebra. We will find that there 
is indeed a one-to-one correspondence between the representations of the SU(2) algebra Ji and the 
representations in terms of bifundamental matrices G a satisfying the matrix equation of [23]. We 
will then relate this statement to the fact that the fuzzy supersphere of [35] is equivalent to the usual 
bosonic fuzzy sphere. In [27], the relation between the matrices satisfying the GRVV algebra, and 
the matrix coordinates Jj satisfying the SU(2) algebra, was the quantum (discretised) equivalent of 
the first Hopf map. Starting from this point we propose that the objects G a defined on the fuzzy 
2-sphere should be thought of as fuzzy versions of the Killing spinors on S 2 . 

Another issue that we wish to explore is the realisation of (twisted) supersymmetry in the context 
of the (fuzzy) 2-sphere as a solution to ABJM. In [27] we obtained the large-iV action for small 
bosonic fluctuations on the 2-sphere. Here we complete the calculation by presenting the fermionic 
part of the fluctuation action, while obtaining some interesting subtleties. For the bosonic action, 
twisting the fields on the 2-sphere was a choice, and it was argued that the bosonic scalars transverse 
to the sphere should be related to 2-sphere twisted-spinors. However, the issue of twisting is tied in 
with the issue of supersymmetry. In this work we find that if one does not twist the fields on the 
sphere the action possesses a peculiar kind of x-dependence and supersymmetry, but if one twists 
the fields the x-dependence and supersymmetry are easy to understand. An interesting difference 
related to supersymmetry, that was not evident while studying the bosonic part of the fluctuation 
action, emerges between the fermionic pieces of the fuzzy sphere and the fuzzy funnel configurations. 
We also contrast our results with the previously analysed case of [36], for the 'deconstruction' of a 
Maldacena-Nuhez-type twisted compactification on S 2 from the Polchinski-Strassler (J\f = 1*) 3+ Id 
gauge theory [37]. 

The rest of this paper is organised as follows. In Section 2, we review the fuzzy S 2 construction in 
terms of bifundamental matrices, as described in [27]. In Section 3, we prove the equivalence of this 
and the adjoint constructions in terms of the SU(2) algebra, and discuss its implications for the fuzzy 
supersphere. In Section 4, we identify the GRVV matrices as fuzzy versions of Killing spinors on S 2 . In 
Section 5, we proceed to find the supersymmetric D4-brane action for small fluctuations, both without 
and with a twisting of the fields on the sphere. We then compare with the deconstruction of the 
Maldacena-Nuhez-type twisted compactification on S 2 , as well as with the fuzzy funnel configuration. 
In Section 6 we conclude with a discussion, while in the Appendices we provide useful identities and 
conventions. 

2 Review of fuzzy S* 2 construction from ABJM 

We start by reviewing the fuzzy S 2 construction obtained in [27] by studying the ground state 
solution of the maximally supersymmetric massive deformation of the ABJM model as given in [23] . 

3 The same defining matrix equation for the fuzzy sphere appears while looking for BPS/ground state solutions in 
the pure/mass-deformed ABJM theory. We will refer to it as the GRVV algebra throughout the rest of this paper. This 
equation first appeared as a BPS condition in [33] , while its relation to the M2-M5 system was also investigated in [34] . 
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Similarly, one can obtain the BPS fuzzy funnel for the pure ABJM model in terms of the above 
solution, through the replacement of the mass deformation parameter [i with ^z, where s is an M2 
worldvolume coordinate along which the funnel grows into the M5. Although we have so far found no 
differences between the fuzzy sphere and fuzzy funnel solutions in the bosonic sector, we will see in 
Section 5 that the actions for fluctuations diverge in their fermionic part. This is as expected, since 
the funnel preserves half the amount of supersymmetry compared to the sphere. 

Looking for ground-state/ ^-BPS solutions in the mass-deformed/pure ABJM theory leads to a 
simple set of solutions with R a = fG a , Q a = 0, where C 1 = (R a , Q a ) form the 4 complex scalars of 
the ABJM model. Here / = ^ for the sphere and / = for the 2-funnel. With the replacement 
R a = fG a , both the fuzzy sphere solution of the mass deformed theory and the fuzzy funnel solution 
of pure ABJM give the same equation for G a . We will take this as the defining equation ('algebra') 
for this bifundamental fuzzy S 2 construction, analogous to the SU(2) algebra relations for the usual 
fuzzy 2-sphere in terms of adjoint matrices. 

This BPS/ground state matrix equation for G a is 

_ Qa = Qp G \ Qa _ ^agt qP (2.1) 

It is solved by the irreducible matrix representation G a = G a of [23], 

V m - 1 5 m , n 
y /(N - m) 5 m+hn 
s/ m-1 8 m >n 

V(N-n) 5 n+1 , m . (2.2) 

Since the G Q 's transform in the bifundamental of the U(iV) x U(iV) gauge group of ABJM, they are 
N x N matrices. Equivalently, the G«'s are N x N matrices. Defining the U(2) symmetry generators 
J a p = G a G^ and J a 13 = GaG@, one can extract the usual SU(2) components by considering 

J 4 = (a i TpGPGi = (a i ) a pjf 3 a =(a i ) l3 a jf 3 a 

Ji = {a i TpGiG^ = {a i TpjJ = {cTi)p a jJ. (2.3) 

We note that the Jj act on an A r -dimensional vector space, which is an irreducible representation of 
SU(2) and we call V + , while Ji act on an iV-dimensional vector space V~ = V^_i © V\ , which is a 
reducible representation of SU(2), as the sum of an (N — 1)- and a 1-dimensional representation with 
an element En, acting on |e^) [27]. 

One easily finds that the G a , as well as all bifundamental fields, transform under the combined 
action 

j iG « _ G « j % = (diYpG? . (2.4) 

As a result, a single, diagonal SU(2) subgroup survives as a symmetry of the system. 

In the classical limit (N — > oo), x; = , J i and Xi = , Ji play the role of the same 

Euclidean coordinate on the 2-sphere. Then the defining relation (2.3) becomes X{ = Xi = ga {di) a ^ . 
If g a are classical limits of general solutions of (2.1), satisfying only g a g a = 1, then the relation is 
the usual first Hopf map S 3 ^> S 2 , from the 3-sphere g a g a = 1 onto the 2-sphere XiXi = 1. However, 



(G )rrt,n 
(G )m,n 
[GiJm^n 
(Gojm.n 
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since in (2.2) one has G 1 = G\, the irreducible GRVV matrices actually encode three real degrees of 
freedom, appropriate for an S 2 , as opposed to the four needed for an S 3 . This is in agreement with 
the expectation from the SU(2) symmetry structure. We will revisit this statement in greater detail 
in Section 3. 

The S 2 picture can also be verified by a small fluctuation analysis around the fuzzy sphere vacuum. 
In the classical limit, Jj and Jj give not only symmetry operators, but also classical coordinates, while 
their adjoint action acts like a derivation on the (fuzzy) 2-sphere 

[J it .} -2ie ijkXj d k = -2iK?d a , (2.5) 

with Kf a set of Killing vectors on S 2 , the precise definitions for which can be found in Appendix A. 
The scalar matrix fluctuations on the fuzzy 2-sphere, r a = R a — fG a , decompose as 

s a p = IsiiaiTp, (2.6) 

where T a have only nonzero elements (T a )jjv, (T a )^j. Using the standard map between matrix- valued 
fields on the fuzzy sphere and functions on S 2 , we obtain in the classical limit 

r« = KfA^G^ + ^^-G^ (2.7) 

where now A a is a gauge field on S 2 . We note that one scalar degree of freedom, (2r — <fi) does 
not appear in the final action, as it has been 'eaten up' by the 2+ld gauge fields through a large- N 

version of the Higgs mechanism present for CS-matter theories [10]. 4 The Higgsing procedure, which 

(i) 

renders the diagonal subgroup of the two Chern-Simons gauge fields Ay dynamical, starts with the 
redefinition 

a, = i(4 1} + 4 2) ) 

B, = \(AV-Af) t (2.8) 

after which A^ becomes a U(l) Maxwell field on the 2-sphere, while is auxiliary and can be 
integrated out. The final action for the bosonic fluctuations once again reveals the S 2 structure, in 
terms of the bosonic part of an abelian 4+ld YM theory wrapped on the sphere [27]. 

3 Equivalence of fuzzy sphere constructions and relation to fuzzy 
supersphere 

We now proceed to prove that the definition of the fuzzy 2-sphere in terms of bifundamentals is 
equivalent to the usual definition in terms of adjoint representations of the SU(2) algebra and that it 
implies the triviality of the fuzzy supersphere, in a way that we explain. 

4 See also [11] for earlier work. 
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The matrix equation of motion for the fuzzy sphere background (2.1), can be rewritten using the 
U(2) generators as 

-G a = G /3 J (3 a - J a pG p (3.1) 

and is invariant under an U(iV) x U(iV) gauge symmetry. This symmetry was used by [23] to fix the 
irreducible G a matrices that solve the above G a equation to the form given in the previous section, 
which in particular has G 1 = G[. 

In the ABJM Lagrangean the bifundamental scalars were interpreted as Matrix Theory versions 
of Euclidean coordinates. Similarly, in the large iV-limit one can write the matrices G a — > ^fNg a , 
with g a for the moment as some commuting classical objects, to be identified and better understood 
in due course. In that limit the coordinates 

= (3-2) 

are two versions of the same Euclidean coordinate on the 2-sphere, X{ ~ Xj. 

Note that in the above construction the 2-sphere coordinates Xi, X{ in Eq. (3.2) are invariant under 
multiplication of the classical objects g a by a U(l) phase, thus we can define objects g a modulo such 
a phase, i.e. g a = e ia ^g a . The GRVV matrices G a are fuzzy versions of representatives of g a , chosen 
such that g 1 = g\ (one could of course have chosen a different representative for g a such that g 2 = g\ 
instead). 

It is in terms of the g a, s that one has the usual Hopf map structure from the 3-sphere g a ga = 1 
onto the 2-sphere XiXi = 1. In this picture, the phase is simply the coordinate on the U(l) fibre of 
the Hopf fibration, while the g a, s are coordinates on the S 2 base. While g a are complex coordinates 
acted upon by SU(2), the g a are real objects acted upon by the spinor representation of SO(2), so 
they can be thought of as Lorentz spinors in two dimensions, i.e. spinors on the 2-sphere. This will 
become very important in Section 4. 

The fuzzy version of the full Hopf map, Ji = (&i) a oG^Ga, can be given either using G a = UG a 

or G a = G a U. The U and U are unitary matrices that can themselves be expanded in terms of fuzzy 
spherical harmonics 

U = ^2u lm Y lm (J l ) , (3.3) 

lm 

with UU ] = UU ] = 1, implying that in the large- N limit (U, U) -> e ia ^\ 

That means that by extracting a unitary matrix from the left or the right of G a , i.e. modulo a 
unitary matrix, the resulting algebra for G a , 

— G a = &G\G a - G a G j p&, (3.4) 

that we will call the GRVV algebra, should then be exactly equivalent to the usual SU(2) algebra 
that appears in the adjoint construction: both should give the same description of the fuzzy 2-sphere. 
We would next like to prove this equivalence for all possible representations. 
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3.1 Representations 



We first note that the irreducible representations of the algebra (3.4), given in [23] by the matrices 
(2.2), indeed give the most general irreducible representations of SU(2). Defining J± = J\ ± iJ 2 , 
J± = Ji ± iJ 2 , we obtain from (2.2) that 



(J+) mjm _i = 2y/(m - 1)(N - m + 1) = 2a N ~i m n+i 

2 ■ 2 

(J_)„_i,„ = 2j(n-l)(N -n+l) = 2a N -i n+i 

2 >" 2 

{Jz)mn = 2 (m - N "|" 1 ) 5 mn (3.5) 



and 



(J+) mjm _i = 2^/(m-2)(N -m + 1) = 2a N -2 n+ 2 



2 > 2 



(J_)n-i, n = - 2)(JV - n + 1) = 2aiv f 2 in _j^2 

(«/3)mn. = 2 ( m - 2 ) (J mra + NS m i6 nl , (3.6) 



2 

whereas the general spin-j representation of SU(2) is 



\J—)n—l,n — 

{Jz)mn = m5 mn (3.7) 



(and the rest zero), where 



otjm = V U + m )U -m + l) (3.8) 



and m G — j, takes 2j + 1 values. We note that the representation for J, is indeed the most 

general N = 2j + 1 dimensional representation, and since (J+)n = (J-)n = (^3)11 = 0, the 
representation for Jj is also the most general (N — l) = 2(j — + l dimensional representation. 

However, we additionally have the U(l) generators completing the U(2) symmetry, which in 
the case of the irreducible GRVV matrices G a are diagonal and give the fuzzy sphere constraint 



G a Gl oc 11, & a G a oc 11, 



J = J 1 1 + J 2 2 = (TV - 1)S„ 



J = J 1 1 + J 2 2 = N5 mn - N5 ml 5 nl , (3.9) 

where again (J) 11 = 0, since Jj is in a N — 1 x N — 1 dimensional representation: The element 
En = S m i5 n i is a special operator, so the first element of the vector space on which it acts is also 
special, i.e. V~ = Vj^_ 1 © V[~. 

For a reducible representation of SU(2), the Casimir operator T 1 = JjJ^ giving the fuzzy sphere 
constraint is diagonal, with blocks proportional to the identity. The analogous object that gives the 
fuzzy sphere constraint in our construction is the operator J = G a Ga. Indeed, in the case of reducible 
matrices modulo unitary transformations, G a , we find (in the same way as for f 2 = JiJi for the SU(2) 
algebra) 

J = diag((iV 1 - 1) t NlxNl ,{N 2 - 1) lbv 2XjV2 , ....) (3.10) 
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and similarly for J = G a G a 

J = diag(iVi(l - E\i>)l NlxNl ,N 2 (l - E%)l NxN , ...) . (3.11) 

3.2 GRVV algebra -> SU(2) algebra 

For this direction of the implementation one does not need to consider the possible representations 
of the algebra; the matrices G a will be kept as arbitrary solutions. We define as before, but now for 
an arbitrary solution G a , 

G a G\ = J a fs = | £ . (3.12) 

We additionally impose that G a G* a = J commutes with J k . 
Multiplying (2.1) from the right by (<7/c) 7 a G\, one obtains 

- J fc = G?G\j k - J a p J^{a k )\ . (3.13) 

Using the definition in (3.12) for the J a p factors and the condition [J, J&] = 0, one arrives at 

i 

— Jk = ^ijkJjJk , (3-14) 

which is just the SU(2) algebra. 
It is also possible to define 



2 (3-15) 

and impose the condition [J, J k \ = 0. By multiplying (2.1) from the left by (a^p G\, we get in a 
similar way 

— Jk = ^ijkJiJk ■ (3.16) 



Thus the general SU(2) algebras for Jj and Jj indeed follow immediately from (2.1) without 
restricting to the irreducible GRVV matrices. 

3.3 SU(2) algebra -> GRVV algebra 

This direction of the implementation is a priori more problematic since, as we have already seen, 
the representations of J, and Jj are not independent. For the irreducible case in particular, is 
replaced by the representation V^ r _ 1 ® , so now we need to define this identification in the general 
case. 

We will first try to understand the classical limit. The Hopf fibration (3.2) can be rewritten, 
together with the normalisation condition, as 



9 9(3 = ^ 



Xi{°iYp + 5p • (3-17) 
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By extracting a phase out of g a , we should obtain the variables g a on S 2 instead of S 3 . Indeed, 
the above equations can be solved for g a by 



g 1 \ I 1 + x 3 

g 2 J y/2(l + x 3 ) I xi - ix 2 



9 a = \ \ 1 = 7= . ? I _ : )=^<f, (3.18) 



where e 1 ^ is an arbitrary phase. 

In the fuzzy case G a a 
corresponding to Jj and Jj, 



In the fuzzy case G a and G^ do not commute, and there are two different kinds of equations 



G a G\ = - 
G\G a = \ 



J t (ai) a p + 5p 



We also impose as before that [J, J&] = 0, [J, J^] = 0, so that J and J are diagonal and proportional 
to the identity in the irreducible components of Jj. 

One solves the first set of equations in (3.19) by considering G 1 G\ = \{J + J3), for which the 
most general solution is G\ = TU, with T a Hermitian and U a unitary matrix. Since J + J3 is a 
real and diagonal, by defining 

1 / \ V 2 

T = — (J + J 3 ) , (3.20) 

one obtains 



Thus G a is also completely determined by Ji,J 

Similarly, the second set of equations in (3.~. 
for which the most general solution is G 1 = UT, where as before 

1 

V2 



Similarly, the second set of equations in (3.19) can be solved by considering G\G l = i(J + J3), 

afore 

1 /_ -\l/2 

T = -=[J + J 3 ) , (3.22) 



to obtain 

" G 1 \ ~ f- 1 I J + J; 



CP- L, =£W— j,_ J 2 < 3 - 23 > 



Thus G a is completely determined by Jj, J. 

Comparing the two formulae for G a we see that they are compatible if and only if 

U = TUf- 1 and J x - iJ 2 = f^^T' 1 ^ - U 2 )T^ 1 U , (3.24) 

where U is an arbitrary unitary matrix. These equations define an identification between the two 
representations of SU(2), in terms of Jj and Jj, needed in order to establish the equivalence with the 
GRVV matrices. 

In terms of explicit representations: for the irreducible representations of SU(2), we define Jj 
from Ji as before (Vjy — > ^v_i © Vf) and J = (N — 1) InxN, J = N(l - En) InxN- For reducible 
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representations of SU(2), Jj can be split such that J3 is block-diagonal, with various irreps added on 
the diagonal. One must then take J and J of the form in (3.10) and (3.11). 

Then the condition (3.24) is solved by U = 1 and J\, J2 block diagonal, with the blocks being the 
irreps of dimensions N\,N2, N3, and the J\, J% being also block diagonal, but where each Nk x Nk 
irrep block is replaced with the (Nk — 1) x (Nk — 1) irrep block, plus an , just as for the GRVV 
matrices. 



3.4 Fuzzy superalgebra 

It is easy to see that the matrices G a and Jj can be neatly packaged into supermatrices which form 
a representation of the orthosymplectic Lie superalgebra OSp(l|2), and thus form supersymmetric 
partners. The supermatrix is nothing but the embedding of of the N x N matrices into U(2iV). 
The adjoint fields live in the 'even subspace', while the bifundamentals in the 'odd subspace'. For a 
generic supermatrix 

(3.25) 

the superadjoint operation is 

M% = ( ^ ) (3-26) 

For Hermitian supermatrices this is 

X= I 





with A = ^ and D = £>t [38]. This gives the definition of the supermatrices 

3i=( Jl °) and J a =( " t VWda ), (3.28) 
\ Ji J \ -y/NGl J V ' 

where we raise and lower indices as G a = e a p&, with e = idi = —ioi- Then the SU(2) algebra 
together with the relation (2.4) and the definition of Jj, J result in the following (anti)commutation 
relations 

[Jj,Jj] = 2iejj/ c Jfc 

[<Jj,J a ] = (c^a/jJ 
{Jq,J/?} = -{Vi)a(33i = —{i^2^i)a^i , (3.29) 

which is the defining superalgebra OSp(l|2) for the fuzzy supersphere of [35]. 5 

The emergence of the fuzzy supersphere might be a bit of a surprise here, since we have just shown 
that the GRVV and adjoint matrix constructions are actually equivalent. On the other hand, it is 
known that the only irreducible representations of OSp(l|2) split into the spin-j plus the spin-(j — ^) 



3 This observation has also been made in [32]. 
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representations of SU(2), which correspond precisely to the irreducible representation for the G a that 
we are considering here. 6 

As a result, the most general representations of the fuzzy superalgebra coincide with the most 
general representations of the G a themselves, which as we showed are completely equivalent to the 
representations of SU(2). In other words, the statement is that the fuzzy supersphere is trivial, and 
contains the same information as the bosonic fuzzy sphere. 



3.5 N x M representations and the ABJ model 

An interesting related question is whether one gains anything qualitatively new by going to the 
U(iV) x U(M) CS-matter theories of the Aharony-Bergman-Jafferis (ABJ) model [20]. 7 This is a 
natural extension to consider since the BPS/ground state matrix equation for the N x M matrices is 
again given by (2.1). 

By defining the N x N matrix J a p = G a G ] p and the M x M matrix J a P = & a & ', with Jj = 
J a ' ' a i Ji = Jai&i^p, one might think that we could have Jj being an irreducible N x N 
representation and J; an irreducible M x M representation of SU(2). However, that would in turn 
mean that there is both an N x N matrix 

J 1 ! = G l G\ = (m- l)5 mn (3.30) 

and an M x M matrix 

J x 1 = G\G X = (m - l)5 mn . (3.31) 
If an x M matrix G 1 , with elements a mn , that satisfied both relations existed then 

N AI 

^ a m ia ni = (m - l)5 mn and also ^ a jm a jn = (m — l)5 mn . (3.32) 

i=l j=l 

This would imply (if, say N < M) that there exist M linearly independent vectors of M > N 
components, which is not possible. 

Another related observation is that if such a G a exists, again for N < M, it would be possible to 
reduce M x M irreps in terms of N x M ones. It can indeed be checked that the maximal irreducible 
representation is 

G%xM = {9nxn\°Nx(m-n)), (3.33) 
i.e. the usual N x N irrep. However, if M = rN + p with r,p integers, then the representation 

GnxM = ~^(9fl)NxN\---\9f r )NxN\®Nxp) (3.34) 

6 See for instance Appendix C of [38]. The general spin-j is the Ji representation constructed from the GRVV 
matrices, while the general spin j — i is the Ji representation constructed from the GRVV matrices. 
7 These gauge theories were initially considered in [21]. 
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is also a solution, if gu)NxN i s the N x N solution. This gives 




(j a p)NxN 
( (ja )nxN 



(ja )NxN 





(3.35) 



(ja )NxN 
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i.e. the Jj representation is the N x N representation and J, representation is made of r copies of the 
(N — 1) x (iV — 1) representation embedded in N x iV, plus zeroes for the rest. This also is nothing but 
another kind of reducible representation that one could consider. Therefore, nothing new is obtained 
by considering N x M matrices and the ABJ model. 

This is in agreement with expectations from the spacetime interpretation of fuzzy sphere solutions 
in mass-deformed ABJ theories. In the undeformed ABJ case, one has (say for M > N) N M2-branes 
probing the singularity of M-theory and \M— N\ fractional M2-branes, corresponding to M5-branes 
wrapping a collapsed S 3 /Zk [20]. While the N M2's are free to move, the \M — N\ fractional M2's 
are forced to remain at the orbifold fixed point. In the mass-deformed case this would mean that 
the iV moving M2's can puff up into a fuzzy sphere configuration with the remaining fractional M2's 
stuck at the origin. In the gauge theory this is reflected by the fact that one only has solutions by 
giving vevs at most to an N x N block inside N x M. This is precisely what we have found above. 

4 Fuzzy Hopf fibration &; fuzzy Killing spinors 

In this section we want to interpret the classical objects g a , obtained in the large- N limit of G a , as 
Killing spinors on the 2-sphere and generalise this construction to higher dimensional cases. 

We have seen that the in the classical limit, the relation between Jj and G a becomes the first 
Hopf map (3.2), and hence can be thought of as a fuzzy version of the same. However, the above 
Hopf relation is invariant under multiplication by an arbitrary phase corresponding to shifts on the 
S 1 fibre, so the objects g a obtained by extracting that phase in (3.18), i.e. 



are instead defined on the classical S 2 . In the Hopf fibration, the index of g a is a spinor index of 
the global SO(3) symmetry for the 2-sphere. By extracting the S 1 phase one recovers the real g a 
and the a can be thought of as describing a (Majorana) spinor of the SO(2) local Lorentz invariance 
on the 2-sphere. We will argue that the latter is related to a Killing spinor. Note that this type of 
identification easily extends to all even spheres. 

In the fuzzy version of this relation, the G a obtained from G a by extracting a unitary matrix, 
are real objects defined on the fuzzy S 2 through the GRVV matrices, in the case of irreducible 
representations, or 




(4.1) 




(4.2) 
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in general. 

The standard interpretation, inherited from the examples of the SU(2) fuzzy 2-sphere and other 
spaces, is that the matrix indices give rise to the dependence on the sphere coordinates and the index 
a is a global symmetry index. However, we have just seen that already in the classical picture one can 
identify the global symmetry spinor index with the local Lorentz spinor index. Therefore we argue 
that the correct interpretation of the classical limit for G a is as a spinor with both global and local 
Lorentz indices, i.e. the Killing spinors on the sphere 7] aI . In the following but we will use the index 
a interchangeably for the two. 

For comparison with the Killing spinors, we write for the classical limit of the J%-G a relation as 

Xi ~ Xi = {(TijoPg^g 01 ■ (4.3) 

4.1 Killing spinors on S n and the special case of S 2 

Let us review some of the key facts about Killing spinors that we will need for our discussion. For 
more details, we refer the interested reader to e.g. [39-43]. 

On a general sphere S n , one has Killing spinors satisfying 

i 

D^(x) = ±-m~/ fl i](x) , (4.4) 
where by calculating [D^,D U ] we obtain the normalisation of the curvature as 

R, u mn = m 2 (e™e n u -e^). (4.5) 

There are two kinds of Killing spinors, r/ + and rj~, which in even dimensions are related by the 
chirality matrix, i.e. j n +l, through r] + = j n+ ir]~ , as can be easily checked. The charge conjugation 
matrix in n dimensions satisfies in general 

C T = kC; 7 J = ACt^ 1 , (4.6) 

where k = ±, A = =t and it is used to raise/lower indices. The Major ana condition is then given by 

fj = v T C . (4.7) 

The Killing spinors on S n satisfy orthogonality, completeness and a reality condition. The latter 
depends on the application, sometimes taken to be the modified Majorana condition, which mixes (or 
identifies) the local Lorentz spinor index with the global symmetry spinor index of S n . For instance, 
on S 4 the orthogonality and completeness are respectively, 

r?V = ^ /J and tffjj = -5% , (4.8) 

where the index I is an index in a spinorial representation of the SO(n + 1)q invariance group of the 
sphere and the index a is an index in a spinorial representation of the SO(n)x local Lorentz group 
on the sphere. The indices are then identified by the modified Majorana spinor condition as follows 8 

fj 1 = (vYC^ = -(r, J )h n+1 n IJ , (4.9) 
8 For more details on Majorana spinors and charge conjugation matrices see [39, 44] and the Appendix of [43]. 
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where Q, IJ = iai <8> Ah is the invariant tensor of Sp(^), satisfying £I ij £Ijk = 5 J K . 
The Euclidean coordinates of S n are bilinear in the Killing spinors 

Xi = {T i ) IJ r) I ln+l r 1 J , (4.10) 

where r\ are of a single kind (+ or -), or equivalently fj^rj'L. For even n-spheres, we obtain the special 
case that the two spinor indices a and / are of the same type, and we can write 

rf* = { exp ( - \xn^ m ) rf\$) , (4.11) 

where rf 1 (0) = e^ 1 a constant spinor. 

Starting from Killing spinors on S n , one can construct all the higher spherical harmonics. As seen 
in Eq. (4.10), Euclidean coordinates on the sphere are spinor bilinears. In turn, symmetric traceless 
products of the Xj's construct the scalar spherical harmonics Y k (xi). 9 One can also construct the set 
of spinorial spherical harmonics by acting with an appropriate operator on Y k rj I 

E k ' + = [(k + n - 1 + ip)Y k ]r] + 

E k '~ = [(k + n - 1 + ip)Y k ]ri^ = [(k + 1 + ip)Y k+1 ] V+ . (4.12) 

Note that in the above the derivatives act only on the scalar harmonics Y k . 

Any spinor on the sphere can be expanded in terms of spinorial spherical harmonics, \& = 
ijjk^ k ^- Consistency imposes that the z, k,ziz can only be commuting spinors. The Killing spinors 
are then themselves commuting spinors, as they are used to construct the spinorial spherical harmon- 
ics. 

For higher harmonics the construction extends in a similar way but the formulae are more compli- 
cated and, as we will not need them for our discussion, we will not present them here. The interested 
reader can consult e.g. [45]. 



Killing spinors on S 2 

For the particular case of the S 2 , ji = Tj = cr, for both the SO(2)^ and the SO(3)g Clifford algebras. 
Then the two C-matrices can be chosen to be: C+ = — ci, giving k = A = +, and C_ = i&2 = e> 
giving k = A = — . Note that with these conventions one has C_73 = 20203 = —<J\ = C+. In the 
following we will choose the Major ana condition to be defined with respect to C_. 

Eq. (4.10) then gives for n = 2 

fj 1 = (v T YC„ ^ Xl = (a i ) IJ (ri r ) I C + y i r l J . (4.13) 
The orthonormality and completeness conditions for the Killing spinors on S 2 are 

fj I rj J = e IJ and ^ = -6%, (4.14) 
while the modified Majorana condition is 

(^)t = eiJ fjl = eutffC- . (4.15) 
9 These are the higher dimensional extensions of the usual spherical harmonics Y lm (xi) for S 2 . 
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Since C_ = e, by making both indices explicit and by renaming the index 7 as d for later use, one 
also has 

(V a& ) j = Vaa = e a pe^ . (4.16) 
Using this condition, we rewrite (4.13) as 

*i = (^)W) V = &) 1 j(V2PW)\^PW) , (4-17) 

where P± = i(l ± 73). Now comparing (4.13) with (4.3) one is led to the following natural large-iV 
relation, G a — > \/2NP + rj 1 , provided the spinor indices a and I get identified, i.e. 

' = ~g a <- f = V2P+T) 1 . (4.18) 



N 

Note that the Weyl projection kills the omitted a spinor index on rj 1 . We will investigate the above 
expression more thoroughly in the next subsection, where we will also see that there is one more 
subtlety related to this identification. 

Finally, the spinorial spherical harmonics on S 2 are 

Et m = Kl + l + iP)Ylm]v± (4-19) 

and thus the spherical harmonic expansion of an S^-fermion is (writing explicitly the sphere fermionic 
index a) 

im,± lm,± 

4.2 Relation between spinors on the 2-sphere 

On the 2-sphere, one defines the Killing vectors K% such that the adjoint action of the SU(2) generators 
on the fuzzy sphere fields becomes a derivation in the large- N limit 10 

[Ji, .] 2iK?d a = 2ie ijkXj d k . (4.21) 

One can then explicitly check that 

Kf{di) a p = -e am {Sa m S~ l ) p a = -{SY a S~ 1 ) a P , (4.22) 
where e am is the vielbein on the sphere and 

with |a| 2 = 1 is a unitary matrix. The matrices 

arj.\ ( -ie^ 2 \ ( cosf -isin§\ 

S ® = 01 L-W J ' S{9) = ° 2 Lisinf cosf ) ' ^ 



The precise expressions for the Killing vectors Kf can be found in Appendix A. 



15 



with a = a\a2, |ai| 2 = | «2 1 2 = 1 are rotation matrices, since a Lorentz rotation on spinors acts by 

A^ 7 " = S^S' 1 . (4.25) 
One can also impose the following (symplectic) reality condition on S 

e af3 (S-y^ s = (S T )J = S 5 a , (4.26) 
which fixes a = \Ji and ensures that 

{SaiS- 1 )/ = (SaiS-y a , (4.27) 
since by explicit evaluation one can show that (ci) Q /3 = (°~i)p a - Then it is also possible to check that 

(SrsS- 1 )^ = -Xi(ai) a p 

{STaS-^p = -h ab K?(ai) a p . (4.28) 

The matrix S a p can additionally be used to go between spherical and Euclidean spinors on S 2 . 
Because of the reality condition (4.26), if one also has real spinors obeying 

(Xad) f = X aA = e aP e^ X p0, (4-29) 

which was identified in (4.16) as the modified Majorana spinor condition, it follows that the S a p- 
rotated spinors are themselves real, namely they obey 

((x&S) a y = (S"V) fl = -^(S-^Xpf, = ^e aP (XpS)p . (4.30) 

Next define 

rj Ia = (S- 1 )"^ = —(S'Y^ 1 = ^S J je aJ , (4.31) 

where in the last equality we used the (symplectic) reality condition on S. From (4.30) it is clear that 
the rj Ia obey the modified Majorana condition, as was also required for Killing spinors. It is then 
possible to use (4.28) to prove that 

Xi = (riurfW , (4-32) 
hence verifying that the r] Ia are indeed Killing spinors. One can also explicitly check that 

£>.((OV") = +^(r a )vo v 7 . ( 4 - 33 ) 

which in turn means that 

^(S- 1 )* p eV = r,f . (4.34) 
According to the relation (4.18), the object to be matched against g a is then 

V2pw = (p+r^s-y^ 1 = (p+r^je^ = s'^p.y^ . (4.35) 

Thus, the Weyl projection can be thought of as 'removing' either a or /, since only one of the two 
spinor components is non-zero. 
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In order to further check this proposed identification at large- iV we now calculate 



d a (V2PW) = -^STaS- 1 ) 1 j(V2P + r, J ) + f a (V2PW) , (4-36) 
where Tg = and = | cos 9 and 

(daS)S- 1 = -'-STaS- 1 + STaS" 1 (4.37) 

by explicitly evaluation, with Tg = and T^ = — \ cos 9 73. 

This needs to be compared with the analogous result given in Eq. (4.48) of [27] from the classical 
limit of the adjoint action of Jj on G a , i.e. from [Ji,G a ], where it was found that 



1 



d a ~g a = -KtK^TfgP 



2 

2 



USTaS- 1 )"^ • (4.38) 



In the second line we made use of the identity (4.28). In [27] it was also verified that the above could 
reproduce the correct answer for d a Xi, which can be rewritten as 



{^TJSTaS- 1 )? - (STaS-Ys&f^ • (4-39) 



Note that even though there is a difference between (4.36) and (4.38), given by the purely imag- 
inary term T a that is proportional to the identity, the two answers for d a Xi exactly agree, since in 
that case the extra contribution cancels. This extra term is a reflection of a double ambiguity: On 
one hand there is the extra index a on rj 1 , which can be acted upon by matrices, even though it 
is Weyl-projected, in effect multiplying the Weyl-projected r] 1 by a complex number; if the complex 
number is a phase, it will not change any expressions where the extra index is contracted, thus we 
have an ambiguity against multiplication by a phase. On the other, g a is just a representative of the 
reduction of g a by an arbitrary phase, so it is itself only defined up to a phase. The net effect is that 
the identification of the objects in (4.36) and (4.38) is only up to a phase. Indeed, locally, near 4> — 0, 
one could write 

g a e^ cose «-► V2P + r] T (4.40) 
but it is not possible to get an explicit expression for the phase over the whole sphere. 



4.3 Generalisations 

On a general S 2n some elements of the above analysis carry through. That is because even though it 
is possible to write for every S 2n 

X A = ^ 7 (rA)/j72n+ir/ J , (4.41) 

where are the Killing spinors, one only has fuzzy versions of the quaternionic and octonionic Hopf 
maps to match it against. We will next find and interpret the latter in terms of Killing spinors on 
the corresponding spheres. 
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4.3.1 S 4 



The second Hopf map, S 7 — > S 4 , is related to the quaternionic algebra. Expressing the S 7 in terms 
of complex coordinates g a , now with a = 1,...,4, one has the sphere constraint have 
(g a 9a = 1 x A x A = 1; -A = 1, ...,5). The map in this case is (see for instance [46]) 

x A = gl } {T A y p gl (4.42) 

with (T A ) a p the 4x4 SO(5) gamma matrices. 11 Here we have identified the spinor index / of SO(5) 
with the Lorentz spinor index a of SO (4). 

The g a, s start off as complex coordinates, being acted upon by SU(4), but projecting down to the 
base of the Hopf fibration we can replace g a in the above formula with real g°"s, instead acted upon 
by the spinorial representation of SO (4), i.e. by spinors on the 4-sphere. This process is analogous to 
what we saw for the case of the 2-sphere. Once again, it is possible to identify g a with the Killing 
spinors, this time on 5 4 . 

This suggest that one should also be able to write a spinorial version of the fuzzy 4-sphere for 
some bifundamental matrices G a , satisfying 

j a = &{v A r p & a 

J A = & a {T A Y p &i (4.43) 

where J A , J A should also play the role of SO(5) generators, that is they should satisfy 

J A G a — G a J A = {T A ) a p & . (4.44) 

This in turn implies the same GRVV algebra as for the S 2 case 

G a = G a & p & - G p G ] p G a (4.45) 

but now with G a being 4 complex matrices that describe a fuzzy 4-sphere. We leave the investigation 
of this interesting possibility for future work. 

4.3.2 S 8 

The third Hopf map, S* 15 S s , is related to the octonionic algebra. The S 15 is expressed now by 
the real objects g^g 01 = 1, a = 1, 16 that can be split into two groups (1, 8 and 9, 16). The 
Hopf map is expressed by [47] {g^ga = 1 =^ x A x A = 1) 



x A 



g T a {T A )^ gf3 , (4.46) 



1 These are constructed as: o\ and oz where 1 is replaced by lbx2 and an where i is replaced by iai , i<72, icrz. 
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where {T A ) af3 are the S0(9) gamma-matrices. 12 Similarly for the case of the S above, even though 
g a, s start off as being 16-dimensional variables acted by the spinor representation of SO (9), one can 
project down to the base of the Hopf fibration and replace the g a, s with real 8-dimensional objects 
on the 8-sphere g a . Then the g a, s are identified with the Killing spinors of S 8 . 

This once again suggests that one should be able to write a spinorial version of the fuzzy 8-sphere 
for some bifundamental matrices G a satisfying 

J A = G a (T a) 

J A = GI(TaY P G Pi (4.47) 

where Ja,Ja are SO(9) generators 

J A G a - Gj A = {T A )jGp (4.48) 

and implies the same GRVV algebra, but with the G a, s now being 16 dimensional real matrices that 
describe the fuzzy 8-sphere. 



4.3.3 CP 3 

The first Hopf map, S 3 ^ S 2 , can also be generalised to the S 7 A CP 3 case, and thus the extension 
to the fuzzy level would imply generalising the fuzzy Killing spinors on S 2 ~ CP 1 to fuzzy Killing 
spinors on CP 3 . For that, we first notice that the S 3 — ► S 2 map is better understood as S 3 — > CP 1 
[48]. Indeed, the S 3 coordinates Z a (Z 1 = X 1 + iX 2 , Z 2 = X 3 + iX A ) obey \Z a \ 2 = 1, a relation 
invariant under multiplication by a phase, Z a — > e llfi Z a , which is precisely the U(l) fibre of the Hopf 
fibration. This can be seen as follows: The stereographically projected coordinates on the S 2 are 

which are obviously invariant under Z a — > e ttp Z a . But they are also invariant under the more general 
condition Z a — > XZ a , with A an arbitrary complex number, which means that (4.49) is really a map 
between CP 1 and S 2 . Thus for the Hopf map one really first maps the S 3 in Euclidean coordinates 
Z a to the CP 1 with the same coordinates (now identified with any complex A), which is a linear 
relation, obtained just by an equivalence 

{z a \ J2 \z a \ 2 = 1} -> {z a ~ \Z a \ \ eC- {0}} . (4.50) 

o 

Then the quadratic relation (3.2) (with g a — ► Z a ) or the rational stereographic relation (4.49) can be 
thought of as a map between CP 1 and S 2 , or between SU(2)-invariant coordinates Z a and SO(3)- 
invariant coordinates Xi, by means of the matrices (ai) a p. 



12 The gamma-matrices are constructed similarly to the 5* 4 case as follows: Ti — I ^ 8 1 , Tg = ' 



\i o j yi 8x8 o 

Fg — ( 8x8 ^ ] , i.e. from CT2 with A; replacing i, and from ci and as with 1 replaced by lsx8- The Ai satisfy 
V — Isxsy 

{A;, Ai} = — 25ij (similarly to the ioi in the case of S 4 ) and are constructed from the structure constants of the algebra 
of the octonions [47]. An explicit inversion of the Hopf map is given by g a = [(1 + xg)/2] 1 ^ 2 u a for a = 1, 8 and 
g a = [2(1 + xg)]~ 1 ^ 2 {x 8 — XiXi)u a s for a = 9, .., 16, with u a a real 8-component SO(8) spinor satisfying u a u a = 1 thus 
parametrising the S 7 fibre. 
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This implies a natural embedding for the S 7 —> CP 3 Hopf map. Indeed, in the classical case S 7 is 
similarly defined by Z l , with i = 1, ..,4 and £)i=i \Z l \ 2 = 1j an d then the CP 3 ~ 5 7 /Zfc|/ ^ oo is just 
obtained by the identification Z l ~ \Z % . The restriction to S" 3 C 5" 7 is obtained by Z % — > (Z 1 , Z 2 ) = 
Z a , and similarly for CP 1 C CP 3 . 

One can then construct the S 7 as a Hopf fibration S 1 ^ S 7 —> CP 3 in terms of a quadratic 
relation, by using the complex 4x4 matrices T,m that take us between Euclidean coordinates Z l on 
the S 7 and local (unconstrained) coordinates Xm on CP 3 

X M = iy.uY ^Z] • (4.51) 

The (SAf)tj are Clebsch-Gordan coefficients for the 404 — > 6a product of the spinor representations 
into the vector of SO(6) ~ SU(4), hence M = 1,...,6. 13 Now, by replacing the 4 complex coordi- 
nates Z l with the SU(4)-invariant 6d Killing spinors rj l a , 14 one can construct SO(6)-invariant bosonic 
coordinates Xm as before by 

X M = (£m)^W ■ (4.52) 

In the above relation, the Killing spinors on CP 3 , together with its metric, are inherited from the 
definition of CP 3 as the k — > oo limit of the S 7 reduction. Note that by taking a different metric 
on CP 3 , different Killing spinors are obtained [49]. 

The fuzzy version of this relation would naturally be 

J M = i^uy^z) , (4.53) 

with Z % 4 complex matrices giving a {\\z7,y version of CP 3 that reduce to the G a matrices, describing 
the fuzzy S 2 ~ CP 1 , for i = a. 

It is not clear how one would construct a fuzzy CP 3 algebra, or if it could arise as a solution of 
ABJM, but the relation (4.53) also defines variables Xm on CP 3 that are natural from the ABJM 
point of view, and should be important in the AdS4 x CP 3 / ABJM duality. 

5 Super symmetric D4-brane action on fuzzy S 2 

We will now build upon the results obtained in [27] for the bosonic part of the action for fluctuations 
around the irreducible vacuum of the mass-deformed ABJM theory of [23]. This was given by 

r rr r / u \ 2 i N 2 n 2 N 2 

S B = J d 3 xd 2 a Vh[- ( — ) ^F„ V F^ - -J-F ab F ab - —d„A a d»A a + Nfd fl A a d a A fl 

N 2 

- f 2 d a A^d a A^ + N 2 Li 2 F ab Cj ab <5> - —d^d^ 1 ® - N 2 fi 2 d a $d a <5> - N 2 ^ 2 ® 2 

- 4N 2 n 2 d a qld a q" - ^d^qtd^q 61 ] . (5.1) 

We extend the analysis to include fermions and find the full supersymmetric action, with and with- 
out the twisting of certain fields due to the partly compactified nature of the higher-dimensional 



13 It is easy to see that this defines a fibration: Xm is invariant under multiplication of the Z l by a U(l) phase, 
corresponding to the fibre. The Xm are thus SO(6)-invariant coordinates on the base. 

14 The SO(6) Lorentz invariance group, with fermionic index a, is now the same as the global SU(4) invariance group. 
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world volume. We also comment on the similarities and differences between the fuzzy sphere vacua of 
massive ABJM and the fuzzy funnel solutions of pure ABJM. 

5.1 Expectations from supersymmetry 

Although in the following we will focus our attention on the fuzzy sphere solution of the mass-deformed 
ABJM model, we will also comment on the fuzzy funnel solution of pure ABJM. In order to see what 
the expected result should be, we will first analyse the supersymmetry of the solutions. We will use 
results already derived for the case of the BLG model and its massive deformation [5, 21, 22], 15 which 
suffice for our purposes. The BLG ^-theory corresponds to an SU(2) x SU(2) ABJM model, which 
shares many qualitative features with the U(A r ) x U(iV) constructions. 

The N = 8 {i.e. 16 supercharges in 3d) linearly realised supersymmetries of the massive deforma- 
tion of BLG are given by [22] 

SiX 1 = ieT 1 ^ 
60S = D^T^e - 1 [X 1 , X J , X k )T IJK e - ^T^V'xU 
8 l A,\ = ieTjX^f^. (5.2) 

Here / = 1,...,8 and the 3d Majorana spinor e satisfies Toi2e = £• These transformation rules 
are explicitly SO(8) invariant, as needed for N = 8 supersymmetry in 3d. However, the massive 
deformation, and in particular its vacuum solution, explicitly breaks the SO(8) symmetry of the 
action down to an SO(4) x SO(4) R-symmetry. Splitting / into 4 + 4 as (A, A'), the vacua of the 
mass-deformed theory are 

[X A ,X B ,X C ] = -fie ABCD X D ; X A ' = 0; * = A„ = (5.3) 

plus the ones with A and A' indices interchanged. It is easy to check that on this solution 5i^> = 
5iX T = 5iA fl b a = 0, so all the 16 supercharges are preserved. 

On the other hand, at fj, = (pure ABJM), the BPS fuzzy funnel solution , 

8 S X A = e ABCD [X A , X B ,X C ] , X A ' = , \P = A^ = , (5.4) 
can be easily checked to imply = SiX 1 = 5iA lJ b a = only if 

T s e = r 3456 e , (5.5) 
i.e. only i of the linearly realised supersymmetries, namely 8 supercharges, are preserved. 

A similar behaviour is also observed in the ABJM case, with all of 12 supercharges (M = 6) 
surviving for the fuzzy sphere vacuum solution of massive ABJM, but only 6 supercharges (M = 3) 
for the fuzzy funnel solution of pure ABJM. The correct effective action for small fluctuations around 
these classical solutions is expected to preserve the same number of supersymmetries. 

Note that in [27] it was shown that the (unrescaled) large-iV bosonic action is the same for 
both the fuzzy sphere and the fuzzy funnel solutions, so this difference in the number of preserved 
supersymmetries presents a puzzle. We will return to this issue at the end of this section, where we 
will see that the fermionic part as well as the rescaling of the action imply the need for extra degrees 
of freedom to be taken into account in the fuzzy funnel case. 

15 In the context of the BLG theory, the M2_LM5 intersection was investigated in [5, 50]. 
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5.2 Maximally supersymmetric D4 action 

The definition of the bosonic D4-brane fields, coming from the quadratic fluctuation action around 
the fuzzy sphere background of massive ABJM, was obtained straightforwardly in [27] with one 
notable exception: The scalar fields q a , which were overall transverse to both the worldvolume and 
the emergent S 2 , were bifundamental, thus at finite N they had to be expanded in terms of the 
bifundamental objects G a Y[ m (Ji). However, since in the classical limit the G a become Killing spinors 
on the sphere, this dependence alone suggests a spinor structure for said scalars. 

Note that the appearance of the Killing spinor on S 2 as the classical limit of some fuzzy object is 
a feature that has not been previously considered in the literature. In the conventional construction 
of fermions on the fuzzy sphere, one obtains them as scalar functions expanded in terms of the usual 
spherical harmonics l/ m (</«). The fermionic structure of the field is then obtained by diagonalising 
the kinetic operator in the classical limit. 

For q a = Q^G a however, the action in [27] corresponded to a usual scalar despite the presence of 
the fuzzy Killing spinor, e.g. one had that the kinetic term on the sphere was given in terms of the 
familiar form 

~ H 2 N J d 3 xd 2 aVl h ab d a qld b q A , (5.6) 

even though q a 'contains' the Killing spinor G a dependence. This is as long as one keeps in mind the 
following definition for the action of the derivative on the Killing spinors 

d a {G a ) = -LhriKfai) 01 p& • (5-7) 

These two different possibilities in expressing the transverse scalar degrees of freedom are related 
to an implicit twisting, since G a can be reinterpreted as part of the spherical harmonics. We will 
deal with this in detail in the next subsection, when we will twist the field q a into the spinor by 
'extracting' the G a . In this subsection we will instead turn to the fermions. 



5.2.1 Parallel fermions 



To complete the fluctuation action of [27], we begin with the fermionic part of the mass-deformed 
ABJM action 

2ni 



ABJM 



d 6 x Tr 



V'V^/ " + ^(e IJKL ^ I C^ K Cl - e IJK L^ I C J ^ K C L 

+ C]cVVj - ^ tJ C J C}^j - 2CjC-V 7 Vj + 2V tJ C / CjV/)l , (5-8) 



which differs from the undeformed ABJM fermionic action only in the presence of the mass term. 
Here ipi are general (Dirac) spinors of SO(2, 1), with 16 real components and 8 on-shell degrees of 
freedom. One can then split the fermions into two types, in a similar fashion to what we did for the 
scalars: the 'parallel' to the S 2 , which we denote as tp a and 'transverse', which we will call %&■ 

For the parallel fermions ip a , the terms with cijkl in (5-8) do not contribute in the fuzzy sphere 
background. The terms on the last line of (5.8) give 



2tt£ 
k 



2iTr 



(5.9) 
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The fermions are also bifundamentals like the scalars q a , thus when expanding them in spherical 
harmonics we must also consider a G a multiplying the Yi m (Ji), as argued in [27]. This leads to the 
natural decomposition 

= i>G a + U a P& , (5.10) 

where tp a , Up admit an expansion in terms of Yi m (Ji), while tp a ,U a ^ in Y/ m (Jj). We also define 
raising and lowering of the indices on G a by 

G a = e af3 &; & a = e af3 & p . (5.11) 

Here 

^-(-li) 1 (5 - 12) 

with e a ^e/3 7 = 5°, i.e. as matrices e = ia 2 and e _1 = —102- Note also that GaG a = —& a G a . 
Since 

{^r p -jp a ^)^ a = ^i^ a + i(^ [V) t/3j i _j.^]^ ; (5.13) 

the kinetic term for ip a is (2irf 2 = fik) 

iH f Tr {aiT^Ji - Jnl>W],/> a . (5.14) 

In [27] it was shown that derivations on the sphere for fields with a Yi m {Ji)G a dependence were 
obtained by considering 



Similarly, we now obtain 



qlJi - J iq y - +2iK?d a ql + ql Xi . (5.15) 



tyWji - JiV t/3 ] +2iK?d a ^ fS + . (5.16) 

The spin-covariant derivative on the sphere is given by [36] 

V a = 8 a + '-to'Jaij , (5.17) 

with LOa the spin connection on S 2 , with only non-zero component lo^ = — u> 21 = — cos 6, and a,ij 
the spin-^ generators of SO (2). In terms of components 

Vi = V e = d e , V 2 = V = - l -T 3 cos 9 (5.18) 
and one can write the above as 

v a = d a + s- 1 d a s+'-r a . (5.19) 

Hence, the Dirac operator on the sphere is given by 

D 2 = e a m T m V a = a x (d e + ^) + a 2 ^-d^ = T a (d a + S^S) + i , (5.20) 
V 2 / smv 
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where S is same unitary rotation matrix previously denned in (4.23), which also appears when trans- 
lating quantities on S 2 between Cartesian and spherical coordinates. We have collected definitions 
and various identities involving the matrices S in Appendix A. 

Using (4.28) and (5.19), we get the following kinetic term for ip a , coming from the CCipip inter- 
action term 

- 2fiN J d 3 xd 2 a\/h (^S) a [T a V a -iP + ] a p(S- 1 ^f) , (5.21) 

where again the projector P± = |(1 ± T3). 

To this, we must add the 3d kinetic term for these parallel fermions plus the mass term coming 
from the deformation 

Tr [^ a rd^ a + i^ a ^ a ] - -N I d 3 xd 2 aVh [^ a -fd^) a + i>^N«] , (5-22) 



where in the above the covariant derivative drops out because the ipAip interaction terms are cubic 
in the fluctuating fields. 

We total action for the parallel fermions ip a is then 

n J £>xd 2 o\fl {i>s) a [-^d^ i + 2M-r a v a + |r 3 )] a (s-yy . (5.23) 

This is almost the kinetic term of a 5d fermion on an S 2 of radius Indeed, there is a unique 
split of the T-matrices in 5d into 3d+2d, namely = 7^ <8> T 3 , T a = 1 (g) T a , so the 5d Dirac operator 
must be 

D 5 = f ^ + f a 2/xV a = y*(r 3 )%^ + 2 / u(r a ) a /3 V a . (5.24) 

Note that what is missing is a Weyl condition, i.e. if we had Weyl spinors, with (1 — Ts)ip = 0, or 
l+ 2 3 ip = ip, we would get the above result in terms of the 5d Dirac operator in (5.23). 

The D4-brane action that we want to finally obtain, should sport a Majorana spinor in 5d. 
However this decomposes into a Majorana spinor in 3d, times a Weyl spinor or a Majorana spinor in 
2 Euclidean dimensions. It should also come with an index for the 4 dimensional real representation 
of the D4-brane R-symmetry group SO(5)#. Since the tp a correspond to half the number of the total 
D4-brane fermions (the others being related to Xa)> one still needs an extra index i = 1, 2 on the 5d 
fermion, or equivalently to have a Dirac spinor in 5d instead of Majorana. 

From the point of view of the lower dimensional theory we started with a general (complex Dirac) 
spinor in 3d. It is then clear that to obtain a complex Dirac spinor in 5d from the fuzzy sphere 
we must have a Weyl spinor on the 2-sphere. Thus the subtlety is that, by interpreting the index 
a = 1, 2 on ip a as an index on the fuzzy 2-sphere, we must reorganise it as a 2d- Weyl spinor index, 
i.e. we must impose a Weyl condition. Thus the need for the Weyl condition appears when comparing 
degrees of freedom at finite N and on the classical 2-sphere, and is related to the presence of the 
strange object G a in the decomposition of the fields. Indeed, we saw that G a corresponds to the 
Weyl-projected Killing spinor P+rj 1 , where P + acts either on the SO(2)^ index or on the SO(3) g ; b a z 
index /. We will see in the next section that if we take out the G a , we obtain the Weyl projection 
automatically, without the need to impose it by hand. Also, when twisting tjj by removing a G a in 
the next subsection, this kind of subtlety will disappear. 

In conclusion, we obtain a 5d spinor ip that is 2d- Weyl, with mass \i. 
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5.2.2 Transverse fermions 

We now move to the transverse fermions X a- From the e term in (5.8) one has 



ifx Tr 



X^Xc 



(5.25) 



As for the parallel fermions, Xa are bifundamentals so we must extract a G@ matrix before decom- 
posing in terms of the fuzzy spherical harmonics Yi m (Ji) 



X 



Xa 



g\x^ 



(5.26) 



The dotted indices are raised and lowered in the same way as the undotted indices. Note that the 
above implies the modified Majorana spinor condition 



(Xc 



) f = x Aa 



(5.27) 



This is needed, since the fields Xa were general (complex Dirac) spinors in 3d, but by extracting G a , 
the 

Xaa need to obey a reality condition. 

After some algebra one obtains for the two nontrivial terms in (5.25) 



- ^(2%)e jik Tr [(a k ) a p JjX* P JiXs 
The expression inside the bracket gives in the classical limit 

tjikJjX^Ji = -tjikJjlJi, X* P ] + 2*JfcX 4/J - [-Ne jikXj (-2i)K?d a + 2Nix k ] X Sp 
which through use of the identity 



gives 



i J 

^jik' J jX ,J i 



e ijk x t Kf = u ad h dc K c k 



2iN[u ad h dc K c k d a + x k ] X dp . 
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Using (5.19), the identities (A. 9), as well as the relations 



u> ad r d v a = -ir 3 r a v a 



Lu ad r d r a = -2ir 3 , 

which can be checked by explicit evaluation, one eventually arrives at the following result 



N' z I d 3 xd 2 



(5.28) 

(5.29) 

(5.30) 
(5.31) 

(5.32) 
(5.33) 



Of course, one also needs to add the usual kinetic and mass terms in 3d for Xa (see (5.8)), namely 
Tr [-x^-fD^x* + W"X«] - N J £xd 2 o\Th [-x f V + ¥x j *Xa] ■ (5-34) 



Combining that with the mass-term that has been left over from (5.25) one gets 



N J d 3 xd 2 aVh [-x td 7%Xd + 2ii± X V 



Xi 



(5.35) 
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By expressing the above in terms of Xaa, using J a p — > ^{xk{<?k) a p + ^g)> this is 



N' z I d 3 xd 2 a 



{x^s) p {p.fj{s- i X6t r + 2i^s) p {p.f a {s- i X6( r 



(5.36) 



where $ = j^d^ as usual, and the total action for the transverse fermions is 

n 2 J d 3 xd 2 aVh [i^sp.^ry JiP^s-'xaT + i^x a sp.up^s- 1 x „r 

+ M ( X *SP + ) Q (W ) Q (P_5- 1 Xi) /J + h.c] . (5.37) 

Here we introduced a T 3 in front of in order to make explicit the correct decomposition of the 5d 
Dirac spinor. 

Now we can define 

= (P_fi'- 1 Xd) Q (5.38) 

and, as promised, the Weyl projection P_ appears automatically, for the same reasons as mentioned 
for the parallel fermions: for the counting of degrees of freedom to work one needs to construct either 
a single 5d Dirac fermion or two 5d Majorana fermions. In this case, the appearance of the Hermitian 
conjugate means that one must ignore the (modified) Majorana reality condition. Alternatively, one 
could reorganise the spinors into (modified) Majorana spinors but without the Weyl condition, as 
the two results are equivalent. We will not do this here, although we will perform the equivalent 
procedure when twisting the transverse scalars q a shortly. 

In terms of the T^'s the action for the transverse fermions is 



d 6 xd a 



TTDsTa + i/if^Ta + h.c. 



(5.39) 



Here we have also used the 5d Dirac operator (5.24) that includes a sphere factor of radius j-. 

In conclusion, the spinor has a Weyl-projected sphere index a, making it the expected D4- 
brane Dirac fermion. 



5.2.3 Final action and supersymmetry 

Collecting all contributions, the action will become just the usual D4-brane action for bosonic fields 
<E>, q a , An, A a and fermionic fields tp a , Tq,, but with q a and tp a 'containing' a fuzzy Killing spinor. We 
will see shortly that this can bee interpreted in terms of a twisting of these fields. The action is 

r rrr f k \ 2 1 N 2 n 2 N 2 

S = J d 3 xd 2 a Vh[- ( — ) g^P^ - -^F ab F ab - —d^d^Aa + NfdvAaFAp 

N 2 

- f 2 d a A fl 8 a A> 1 - 4N 2 fj, 2 d a qld a q & - N 2 d»q{d^ - —8^8^ - N 2 n 2 8 a <S>d a <S> - N 2 ^ 2 ® 2 

+ N 2 LL 2 F ab Co ab § + N 2 (^t & D 5 Ta + i/it d T d + /i.e.) + N^S) a [-D 5 + l] a p {S~ l ^f 

(5.40) 

Note that we have already assumed that the ip fermions are Weyl-projected. 
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As in [27], in order to bring the above to a form that can be compared to a conventional D- 
brane action, it is necessary to redefine the matter fields by C 1 — > X 1 = (T 2 1 ^ 2 /G Q ,0) and hence 
/ — > T 2 1//2 /, where T2 = [/p(2-7r) 2 ]~ 1 the membrane tension, and similarly for the fermions. This is 
so that the X J, s can be thought of as spacetime coordinates with dimensions of length. We then 
perform some additional rescalings for the bosonic fields 

4irL 47rL 4ttL a : 4ttL 

4.-4.^. A ^ A ^- " <5 - 41) 

2 w 

for the sphere metric h a b = [i and the worldvolume coordinates x^ 1 — ► \x^. These are finally 
supplemented by the following rescalings of the fermions 

T a _ T ^ ^ _ ^ (5 _ 42) 

After implementing the above, we arrive at 



Jphys — 2 

i>YM 



I- f d 3 xd 2 aVh \ - -F AB F AB - \d A $d A <S> - ^ - d M qld M q" + ± ^ b F ab ^> 



+ (±r & D 5 Ta + ^/xT d T d + h.c) - (V-S r )5 5 (5'-V t ) + % -^S){S~ 1 ^) 



(5.43) 

where Am = {A^,A a }, = ^^{T^) a ^d^ + /i(r a ) Q gV a . This is just the action of a partly spherical 
D4-brane with some extra mass terms and 12 supercharges on the worldvolume, or twice as much 
in the curved spacetime background! The mass terms break SO(4, 1) Lorentz invariance, which is 
not that surprising as the worldvolume itself already breaks it. They are also separately maximally 
supersymmetric from the point of view of 3d. 16 We will not attempt to make the full supersymmetry 
transformations explicit here, as they will be of a peculiar type, but will instead focus on their general 
characteristics. We will soon explain in more detail why we must obtain 12 supercharges, but the 
D-brane action in curved space must preserve ^ of the supersymmetry of the background. 

We now recall how we expanded the various ABJM fields in the classical limit of the sphere. 
For the adjoint gauge fields it was done in the usual manner in terms of scalar spherical harmonics, 
i.e. A$ = (A^)i m Yi m (xi) , while all other bifundamental fields were expanded in Yi m (xi)g a as 

r a = rg a + s° p f = [{r) lm 5 a p + (s a p ) lm \ Y lm { Xi )f 

f = Qt~g a = (Qi)imY lm (x t )~g a 

i> a = -05a + UcPgfi = (V>)z m 5f + (U a % m Yi m (xi)gp 

Xa = XaaT = {Xaa)lmXlm{Xi)g a . (5.44) 

Simply because of the form of the 2+1 dimensional part of the action, it is natural to expect that 
r a must be bosonic and Xa must be fermionic. One can get from the initial mass-deformed ABJM 
action to the final result (5.43) through replacing r a with the bosonic fields A a and $ = 2r + (p (where 
* a fi&iY a = K t A a + Si® and xa with Tg = (PS^x*)* 



16 One can easily check that SF^ oc /jui Q ;,e^, <50 oc tip, Sip oc fj,(f>e with ip a generic fermion leave the mass terms 
invariant. 
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In the same expression (5.43), q a and ip a were left as they were, since similarly the 2+1 dimensional 
part of the action implies that they are bosonic and fermionic fields respectively. Even though the 
form of the final expressions is extremely simple, this presents a kind of asymmetry in the way we 
have treated the fields, as the q a ,Xa still contain a (fuzzy) Killing spinor in their expansion. The 
reader might be wondering why we have also not naturally replaced q a with Q% and ifj a with t/>, U a ^. 
We will see in the next section that this will correspond to twisting the fields, which will turn i/S, U a ^ 
into a combination of twisted-scalars and vectors, while Q% into twisted-spinors. 

An intriguing feature of this result is the following: while in the finite-iV construction and 
Xaa can only be expanded in Y/ m (Jj), the fact that these fields are (twisted) spinorial means that, on 
the classical S 2 , one should actually expand them in terms of spinor spherical harmonics, i.e. 

Zm,± 

Xaa = (Xa)lm,±Zf£ , (5.45) 

Zm,± 

with H^f as given in (4.19) and also containing the Killing spinor. Hence, the expansion (5.44) must 
somehow rearrange itself at large- N. In other words, and according to the new construction presented 
in this paper, in the classical limit a spinor index can arise both from the G a acting as a (fuzzy) 
spherical harmonic or (fuzzy) Killing spinor, and also from the coefficients of the expansion in fuzzy 
spherical harmonics, as it is usually done. 

This unusual behaviour is related to the fact that in the classical limit, G a matches against an 
object with 2 spinor indices, global and local, either one of which can be thought of as being removed 
by a Weyl projection as was discussed under Eq. (4.35). By the finite-dimensional matrix rules, the 
bifundamental matrix q a can only be expanded in Y[ m (Ji) x G a and we can think of the a index on 
G a as a global symmetry index. However, at large TV it also can be reinterpreted as a local Lorentz 
(spinor) index. Since rj a is contracted with the coefficient (Qu)im, the latter also becomes a spinor. 

We conclude this section with a few comments on the action of supersymmetry. The set of M = 6 
supersymmetry transformations in 3d and at finite iV include [23] 

§{c iy 3 = fJ^yj ( (5. 46) 

where we have explicitly written the U(iV) x U(JV) matrix (ij) indices. This could be decomposed 
into 

S 1 C & = ^ a and S 2 C & = 4^ X p, (5-47) 

where e IJ is in the 6-dimensional, antisymmetric representation of SU(4). 

At N — > oo one still has M = 6 supersymmetry. In the classical super symmetric D4-brane 
action (5.43), supersymmetry similarly relates q a with tp a and Y^- The first half of the (global) 
supersymmetry transformations 

5 iq " = (5.48) 

is of the usual kind, since both q a and ip a are bifundamental matrices at finite N, and ei does not 
act on the matrix structure, as in the classical limit the Lorentz spinor index on e\ naturally appears 
from (5.46). On the other hand, the other half, 

5 2 q* = ef T» = e 2 fT« , (5.49) 
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has a more unusual supersymmetry parameter, since q a is bifundamental while T° is adjoint, so for 
this transformation to make sense away from infinite N, one must decompose e% as above. That, 
however, would mean that supersymmetry would act on the gauge group and hence cannot originate 
from (5.46)! In the classical limit, should of course be the same kind of object as e\, a spinor on 
the sphere, but the consistency of the N — > oo limit must be subtle in order to obtain the correct 
supersymmetry from the finite- N one. 

It is apparent that if one replaced instead q a by Q% and if) a by ip, U a ^ such a problem would be 
avoided and the classical limit would be better defined, since all the fields at finite N are then in the 
adjoint of U(iV), and can be treated on the same footing. 

5.3 Twisting the D4 action on the fuzzy S 2 

Following the above discussion, the alternative way of expressing the action for fluctuations around 
the irreducible vacuum is such that all the classical fields on the sphere admit an expansion in the 
scalar fuzzy spherical harmonics (</«), with the spinorial structure of some fields appearing solely 
from the coefficients of that expansion. This is the natural construction for the fields on the fuzzy 
sphere but in this picture we will end up with a set of 'twisted' fields, in a sense that we will shortly 
explain. This affects the transverse fermions Xa> as weu as the expression for the transverse scalars 
q a found in [27] . 

5.3.1 Twisted Compactification vs. 'Deconstruction' in the Maldacena-Nuhez model 

We initially review the similar case of [36], in the context of the Maldacena-Nuhez (MN) model 
with IIB 5-branes compactified on S 2 , preserving M = 1 supersymmetry in 4 dimensions (the mass- 
deformed J\f = 1* theory of [37]). As is known from [51], in order to preserve supersymmetry on 
D-branes with curved worldvolumes, one needs to twist the various D-brane fields. Specifically, that 
means embedding the S 2 spin connection, taking values in SO(2) ~ U(l), into the R-symmetry. As a 
result, the maximal supersymmetry one can obtain after compactification to 4 dimensions is J\f = 1 
(corresponding to U(l)i^), which the MN twisting indeed does result to. The authors of [36] then 
compare the MN twisted compactification with a 'deconstruction' of an M = 1*, SU(iV) gauge theory 
at large-iV and around a fuzzy S 2 background, obtaining agreement in the spectrum and action for 
fluctuations. We now turn to understanding this twisting procedure, in order to apply the lessons 
learnt to the case of the ABJM theory. 

First note that there are two ways to understand the twisting: from the point of view of the 
twisted compactification on the sphere, as well as from the point of view of the 'deconstruction' 
picture, i.e. by constructing the fuzzy sphere from matrices in the lower dimensional theory, as we 
have performed so far. 

On a 2-sphere, scalar fields are decomposed in the usual spherical harmonics Yj m (xj) = Yj m (#,</>) 
and can thus give massless fields after compactification (specifically, the I = modes). However, that 
is not true any more for spinors and gauge fields. Spinors on the sphere are eigenvectors of the total 
angular momentum on the sphere J 2 . These are of two types: eigenvectors f2 of the orbital angular 
momentum L? (Cartesian spherical spinors) and eigenvectors T of the Dirac operator on the sphere 
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= —ih e™a m Vb (spherical basis spinors), whose square is R 2 (—iVs2) 2 = J 2 + \- The two 
are related by a transformation with a sphere-dependent matrix S. The former are decomposed in 
the spinorial spherical harmonics 



n fim= E C(l,±,j;m- ^^m)^.^,^ , (5.50) 
,1 

where j = q± = I ± | and a = 1, 2, as 



^ = E«^m + «nf- iM • (5 - 51) 

Ira 

Both have a minimum mass of since the Dirac operator squares to J 2 + \ = + 1) + \- Similarly, 
the vector fields do not simply decompose in Y/ m 's, but rather in the vector spherical harmonics 



I s . - 1 



sin 9doYj m (j) — esc Od^Y^t 
dgY jm + O^Yj 



(5.52) 



R vju+v 1 

with j > 1. It is more enlightening to show the decomposition of the field strength on the 2-sphere, 

I esc QF H = R 2 Y1 F im J— T A g2 F Zm , (5.53) 

with Z = 1,2, thus again only massive modes are obtained after dimensional reduction [36]. 

Therefore, in the absence of twisting, supersymmetry will be lost after dimensional reduction, since 
all 5 2 -fermions will be massive but some massless 5 2 -scalars will still remain. Twisting, however, 
allows for the presence of fermionic twisted-scalars (T-scalars), i.e. fermions that are scalars of the 
twisted SO(2)y Lorentz invariance group (with charge T), which will stay massless, and the number 
of supersymmetries in the dimensionally reduced theory equals the number of fermionic T-scalars. 

In compactifying a 5-brane on S 2 , one has a SO(4)# ~ SU(2)a x SU(2)# R-symmetry and a 
SO(3, 1) x SO(2)45 (local) Lorentz invariance. One chooses the twisted Lorentz invariance of the 
sphere as Qt = Q45 + Qa, where Q45 is the charge under the original Lorentz invariance SO(2)45, 
and Qa is the charge under the U(l) subgroup of S\J(2)a- The reason this is necessary is because one 
needs to identify the U(l) spin connection ('gauge field of Lorentz invariance') with a corresponding 
connection in an R-symmetry subgroup, i.e. a gauge field from the transverse manifold. Note that 
SU(2)# is inert (i.e. unaffected by the sphere) and is thus a truly transverse group that can be called 
SU(2)j_. The true symmetries of the twisted compactification are then SU(2)j_ x U(1)t and the usual 
Lorentz invariance SO(3, l). 

The 5-brane bosonic fields are gauge fields Am, 4 scalars 4> m charged under SO(4)# ~ SU(2)a x 
SU(2)b, with respective indices a and a. There are also two spinors, one charged under SU(2) J 4, Aj, 
and one charged under SU(2)_b, A;. The twisted fields are the ones charged under SU(2)a, «-e. (j) rn 
and A/. One writes 4> m = —^(T m )—v a a showing explicitly the a index of SU(2) J 4, and this field has 
twisted spin Q T = + i = i. 17 For Xi one writes explicitly the Lorentz SO(3, 1) ~ SU(2)x x SU(2)k 



17 Note that we divide the charge used in [36] by 2, preferring to keep the usual notation for spin over the usual 
notation for U(l) charge. 
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and SU(2) J 4 indices, and A°, and decomposes ^® \ = Offil into a vector and a scalar, thus building 
the T-scalar (Q T = \ - \ = 0) A from A° =2 , A° =1 and the T- vector (Q T = \ + \ = I) g a from A° =1 , 
A^ =2 • The untwisted fields comprise of A m splitting into bosonic T-scalars An and bosonic T- vectors 
A a , and the fermionic T-spinors. 

The explicit form for the twisted fields (a bosonic T-spinor, fermionic T-scalars and T- vectors), 
is summarised in the action 

J [ - ^M7^A - % - i xg a ^g a + ^ ab G ab A - 2d^d»E - 8~t(_;v 52 ) 2 ~] , (5.54) 

where fi is the mass deformation parameter, G a b = d a g b — dbg a and as usual ui ab = -^j£ ab is the 
symplectic form on the sphere. 

We next try to understand why one needs to twist from the point of view of deconstruction, and 
why this leads to reproducing the same answer. In 'deconstructing' the above action from 4d matrices 
(D3-branes), one has SO(3, 1) Lorentz invariance and SO(6)/j ~ SU(4)# R-symmetry, which is broken 
by the choice of fuzzy sphere solution to SU(2)i x SU(2) 2 x U(l) ~ SO(3) x SO(3) x U(l), where the 
U(l) is a charge that rotates the two SU(2)'s, i.e. the SU(2)i fields have U(l) charge while and 
the SU(2)2 ones — |. 

The fields of the 4d SU(iV) D3-brane theory are 6 real scalars combined into 3 complex fields 
gauge fields A^ and for fermions one SO(3, 1) Majorana spinor and 3 SO(3, 1) Majorana spinors 
*$>iA, where A is a Majorana spinor index and i is an SU(2) index. The bosonic T-spinors are found 
by diagonalising the kinetic term for the scalars $i around the fuzzy sphere background 

J + J 2 )^- - ie ijk J k }6^j , (5.55) 

where 5&i = Oj + ibi, so only a diagonal part of the SO(3) rotating at and the SO(3) rotating hi 
survives as the SU(2) ~ SO(3) symmetry of the action, together with a U(1)t- The (complete 
set of) eigenvectors of this kinetic operator are given by the vector spherical harmonics JjXi m and 
the spinorial spherical harmonics ^j; m - This kinetic operator is diagonalised by defining T- vectors 
n a coming from the vector spherical harmonics and T-spinors £ a coming from the spinor spherical 
harmonics. Similarly, the kinetic operator for the A^, fermions is 

/[» W Jl» J+ «* ( M -*,.«] (5^56) 

and one expands in the same set of complete eigenvectors of the previous operator. After diagonalising, 
one defines T-spinors ( a coming from the spinor spherical harmonics, T-scalars A (the same from 
before) and T-vectors g a coming from the scalar/vector spherical harmonics. 

Thus analysing the kinetic operators of the deconstructed theory, one finds that its symmetries 
are [SU(2)i x SXJ(2)2]diag = SU(2)j_ and U(l)r = U(l) exactly as in the compactified MN theory and 
as reflected in the final action, whose twisted part is shown in (5.54). However, note that one would 
initially have been compelled to call SU(2)i the SU(2) parallel to the sphere directions, and SU(2)2 
the one transverse to them. The U(l)r charge is formally the same as the diagonal U(l) charge inside 
the two SU(2)'s. 
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Note also that in the above construction, all the fields on the classical S 2 appeared as limits of 
functions expanded in the scalar fuzzy spherical harmonics, Yi m (Ji), and the various tensor structures 
of S 2 fields were made manifest by diagonalising their kinetic operators. 

Supersymmetry. As seen in (5.54), the kinetic term for the T-scalar /T- vector combination is 
w ab G a bA, and we saw that Gqs decomposes in ^/>i m /} . ^Imi whereas A decomposes in Yi m 
for I > 0. Hence, the minimum, I = 1 mode of G a b couples with the I = 1 mode of A, giving a mass 
term ~ (fy =1 )A^ =1 ) and as a result all / > 1 modes for both A and g a are massive. On the other hand 
the fermionic T-scalar A^ =0 ) mode, that becomes a fermion in 4d, gets no mass term, so we get N=l 
massless fermions in 4d, thus M = 1 supersymmetry. 18 

Finally, even though twisting is in general needed in order to preserve the 16 supersymmetries 
along the curved space D-brane [51], 19 whether or not one gets supersymmetries in the dimensionally 
reduced theory is not necessarily known. The only restriction is that after dimensional reduction one 
can have at most J\f = 1 supersymmetry, and in the case above we recover indeed N = 1. But in 
principle one could also end up with M = in the dimensionally reduced theory after twisting, i. e. no 
massless fermions. That is what we will obtain in the ABJM case. 

5.3.2 Compactification vs. deconstruction in massive ABJM 

We now come return to the case of the fuzzy S 2 in the massive ABJM model, resulting in a D4-brane 
theory. 

Compactification 

From the point of view of the S 2 compactification of the D4-brane theory, there is an SO(2, 1) x SO(2)34 
(local) Lorentz invariance, and an SO(5)j? R-symmetry. Like in the MN case, there is also a global 
SU(2) A x SU(2) B C SO(5) r , and a U(1)a C SU(2) a subgroup. We define the twisted Lorentz 
symmetry (T-charge) Qt = Q34 + Qa- As before, twisting means that one embeds the U(l) spin 
connection ('gauge field of Lorentz invariance') on S 2 into the connection of an R-symmetry subgroup 
('transverse' gauge field). 

The D4-brane fields are the 5 real (fr m, s, the gauge field Am and a 16-real-component spinor , 3>, 
which is a SO(10, 1) Majorana spinor obeying the condition r 012 ^ = — \P. We need to decompose the 
cf) m, s under SU(2) A x SU(2)s, by extracting a scalar that corresponds to an overall scale, specifically 
4> = v^"Vm- I n the- deconstructed theory, this will correspond to the mode giving the 'size of the 
sphere', The remaining modes, z m = cj) m /<p, with z m z m = 1, decompose as z aa and will correspond 
to the transverse scalars Q^, transforming under SU(2) A x SU(2)#. 

The fermionic fields ^ must also be decomposed. Initially one can think of them as Dirac spinors 
in the 4 of SO(4, 1) and the 4 of SO(5). The compactification reduces 

SO(4, 1) -»• SO(2, 1) x U(l) 34 and 4 -> 2 ± 5 , (5.57) 

18 We have already discussed how the fermionic T-spinors have no zero eigenvalues on the sphere and thus there are 
no corresponding massless fermions in 4d. 

19 Of course, the background can break some of these 16 supersymmetries, but by the fact that a D-brane is an 
endpoint of strings, half the total supersymmetry must be preserved. 
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while 

S0(5) ->• SU(2) A x SU(2) B and 4^(2,1)0(1,2), 
which we then label through the U(1)a charge and SU(2)# = SU(2)j_ global symmetry as 

i 



S0(5) ->TJ(1) A x SU(2)_ 



and 



1 ± 2 2° 



(5.58) 



(5.59) 



For bookkeeping, we keep the Lorentz indices downstairs, fj, = 0, 1, 2 and % = 3,4, while the global 
indices upstairs, a = 1, 2 and a = 1,2. We next separate the fermions that carry an SU(2)^ index by 
labelling them as Xf, while the ones with an SU(2)s global index as ipf, and suppressing the SO(2, 1) 
spinor index. If the latter is a real spinor (so that it is e.g. a Majorana spinor of SO(2, 1)) one ends 
up with the correct number of degrees of freedom, as the total will add up to 16 real components. 

For the gauge fields one has the same decomposition as in the previous subsection: we leave 
as is and define 



1 



n± 



V2 



(A 3 ± iAi) . 



(5.60) 



We can now summarise the symmetries for the bosonic fields and their associated U(1)t charges 
in the following table 





SO(2,l) 


U(l) 3 4 


U(1)a 


SU(2) ± 


U(1) T 


K 


3 








1 





n± 


1 


±1 





1 


±1 




1 








1 







1 







2 




nmarise the fermions as 




SO(2,l) 


U(l) 34 


u(iU 


SU(2) ± 


U(1) T 


A? 


2 


±* 




1 


o 2 ,±i 




2 


±1 





2 





The five-dimensional fields can then be split up according to their T-charge as 





T-scalars: 
T-spinors: 
T-vectors: 



Qt 
Qt 
Qt 



A \a=2 \a=l 
A" A i=l ' A i=2 



±1 
±1 



2 

a=2 



Note that once again we have SU(2)# = SU(2)j_, U(1)t and the Lorentz SO(2, 1) as the only sym- 
metries of the twisted compactification. 



Deconstruction 

In deconstructing the sphere from the 3d ABJM theory, one starts with SO(2, 1) Lorentz symmetry 
and U(4) ~ SU(4) x U(1)m ~ SO(6)r x U(1)a/ R-symmetry. The U(1)a/ is a common phase of 
the C 1 scalars, which therefore corresponds to the M-theory direction that is compactified through 
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identification by the orbifold action. Hence, when going to the IIA theory in order to match 
with the D4-brane picture by taking k — > oo, the U(1)m is broken and one is just left with SO(6)r. 
Moreover, as in the MN case, the SO(6)i? R-symmetry is broken by the choice of the fuzzy sphere 
vacuum to SU(2)i x SU(2)2 x U(l), with the U(l) having opposite charges for the two SU(2)'s. 

The picture for the mass-deformed ABJM theory around the fuzzy S 2 in terms of twisted fields 
(carrying T-charge) is obtained after 'pulling out' a G a for all the bifundamental fields, so that 
one is left with the adjoints of U(iV) or U(iV), as in (5.44). Then, the functions on the sphere are 
actually sections of the appropriate bundle; either ordinary functions, sections of the spinor or the 
line bundle. Specifically, anything without an a index is a T-scalar, one a index means a T-spinor and 
two a indices means a T-scalar plus a T-vector in a (1 © 3) decomposition, i.e. the U(1)t invariance 
is identified with the SO(2)l ~ U(1)l Lorentz invariance of the sphere, described by the index a. 
Then SU(2) 2 is identified with SU(2)j_. 

This agrees with what we have already obtained from the bosonic action, since r a ~ (r, Sg) gave 
rise to 2 T-scalars (minus one, which due to the Higgsing becomes the physical polarisation) and 
2 T-vector degrees of freedom, while Q2, should give rise to 4 bosonic T-spinor degrees of freedom. 
On the other hand the fermions ipj are general (Dirac) 3d spinors, giving 8 complex components, or 
8 on-shell degrees of freedom. By extracting a G a matrix, one obtains real objects, as was seen for 
instance in [27], where the complex parallel scalars r a decomposed into the real objects r and s a p. 
Similarly, Xa m Eq. (5.44) is real, as are xj) and U a @ . 

The transverse fermions Xq] have 8 real components thus 4 on-shell T-spinor degrees of freedom. 
The parallel fermions ip a get split into (■0, U a ^), that is 8 real components, which will give another 2 
fermionic on-shell T-scalar degrees of freedom (that we will call A in the following) and 2 fermionic 
on-shell T-vector degrees of freedom (that we will call g a in the following). 

In summary, the decomposition under deconstruction matches the decomposition of the last table 
in the previous subsection for the twisted compactification as follows: The SU(2)j_ invariance matches 
with SU(2) 2 , while the U(1) T matches the SO(2) L ~ U(l) 

Lorentz symmetry of the a, index. The (f>, 
A a , n± fields match the ones coming from r a , that is (f>, A a , A a , the z aa match the ipf match 
X%, and finally the Xf match the ip a fields, i.e. A and g a . 



5.3.3 Twisting the transverse scalars 

We move on to show how the above assignments of fields can be obtained from our fluctuation action. 
In [27] the transverse scalar kinetic term on the sphere before any rescalings was given by 

2 / u 2 A 2 j d 3 xd 2 aVh h ab [(V a )%Q°(l + x k a k )\{V b f ^] , (5.61) 

where the Q's can be obtained by extracting the Killing spinor G a part out of the transverse scalars 
q a according to 

q« = Q a a G a and q\ = & a Q% , (5.62) 

with 

Qt = (Qt , Of) and Qt = ( ^| j (5.63) 
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and with the definition of the covariant derivative appearing in the above as 

(V o r 7 = d a 6« + ■^■habKj(crj)% ■ (5-64) 

The expression (5.61) does not look like a conventional scalar kinetic term on the sphere for the 
fields Q. However, we will next show how this expression, as well as the associated 3d kinetic term, 
can be converted into a kinetic term for bosonic spinors on S 2 . 

We observe that the 'covariant derivative' defined 20 in (5.64) can be related to the usual covariant 
derivative for spinors on S 2 through (5.19) as 

(V a )° 7 = [d a - ^STnS- 1 ] ° = {SV a S- l ) a 1 - i{ST a S- l ) a 1 . (5.65) 

Note that the above is almost the 5"-rotated V a . Then, using (5.65), Eq. (5.61) becomes after some 
algebra 

-4/i 2 iV 2 J d 3 xd 2 aVk h ab [{Q^SP^) K {V a V b )\{P^S~ 1 Q^r-i(Q^SP^) K {V a )\{T b ) x u (P + S- 1 Q 6l Y 

+ ^=a a (7A)(Q"sp_) A (v b ) A ly (p_5- 1 Q fi )^ - i-^daiVh^sp^xin^^p+s-'Qa) 1 

Vh Vh 

(5.66) 

up to total derivatives. Exactly as in the case for the transverse fermions of Section 5.2.2, it is evident 
from the above that one could consider the full complex Weyl-projected (P-S~ 1 Qa) a spinor as the 
correct variable. Alternatively, one can reorganise them in terms of (modified) Majorana spinors, by 
writing 

(Q«SP+) a =(C & ,0) (Q A SP-) a = (0,D A ) (5.67) 

(P-S^QaT = (P+S-'QaT = ( ^ j , (5.68) 

where C a , D a can be evaluated explicitly, and considering the following combination 

~t = {Q«SP + ) a - i(Q«SP^) = (C d , -iD & ) (5.69) 

with 

Z« = e^S^ = ^ ^ = -i{P + S~ l Q«) a + (P-S-'Q^T (5-70) 

and the conjugate spinor being 

= ( ^/3 ) t ( _ r 3 ) ^ = - i h C fsP+)f i - i(Q«SP-) p )(T*f a = -i(C & ,iD«) . (5.71) 



We now re- write the action in terms of the Majorana spinors S?. Before performing the substitutions, 
note that the spin covariant derivative and the r a 's do not commute 

v a r a = r a v a - - 2 r~;,'a ll . (5.72) 



20 Here we denote this 'covariant derivative' with a tilde V, to differentiate it from the proper covariant derivative for 
spinors on the sphere V. 
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Let us first concentrate on the last three terms of (5.66). These give 



- Afi 2 N 2 J d 3 xd 2 aVh[- D«Ca - D & cot 9d g C 6 
where we have used the identity 

( -id e + -r—zdtf, - I- cot 9) Da = -Ca , 



(5.73) 



(5.74) 



which can be proved by explicit evaluation. One can easily express —D a Ca = ^H^SJ? but we are 
then left with an extra term. However, note that by calculating the following quantity 



2^ 2 N 2 / d 3 xd 2 a 



4[i 2 N 2 / d 3 xd 2 a 



1 



D a (y a v a y 2 Ca - D a cot ed e Ca + -D a a 



(5.75) 



up to total derivatives, the first term in the above expression is also the first term of (5.66). Hence 
-A^N 2 [ d 3 xd 2 a\fl liQ^SP^^VaVTuiP^^QaT 

(5.76) 



H 2 N 2 I d 3 xd 2 aV h -2 ^(V tt VT«=f - 4.0* cot 9d e C & + 2D°Ca 



and the middle term will cancel the similar contribution from (5.73). Finally, with the definition of 
the Dirac operator on a sphere of unit radius given by 21 



and since 



iV S 2 = -iT a V a 



v a v a ®t 2 = r a v a r 6 v 6 



the resulting expression for the transverse scalar kinetic term on the sphere is 



N' z I d 3 xd 2 



^(H2^%^-3/^~« 
To that we need to add the 2+ld kinetic term, which can be easily evaluated to be 



(5.77) 
(5.78) 

(5.79) 



~ J d 3 xd 2 aVh [fyQ*(<$ + Xifa) 01 )8^. 



N z I d 3 xd 2 



1/9 ^a^-a 



The final answer for the transverse scalars in terms of T-spinors on the sphere is 



N' z I d 3 xd 2 aVh 



(5.80) 



(5.81) 



One might be worried about the fact that the kinetic term for the T-spinor on the sphere is quadratic 
in the Dirac operator. However, as also argued in [36], this makes sense as the kinetic term for a 
boson is quadratic in derivatives and it is not possible to lose a derivative from our above redefinition 
of fields. 



L In the Dirac operator V S 2 the indices are raised and lowered with the unit sphere metric h a b 
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5.3.4 Twisting the parallel fermions 

We finally decompose the parallel fermions ip a into bosonic quantities, after extracting an explicit 
G a , due to the bifundamental nature of ip a . This is implemented using the form 

= i>G a + UjGp, (5.82) 

with jp and UoP decomposing in terms of fuzzy spherical harmonics Yi m (Ji). The expansion of the 
Hermitian conjugate is 

tf a = & a ^ + & (3 tJ p a , (5.83) 

however note that in 2+ld the fermions are actually Majorana, so ip = ip C, i.e. is related by simply 
raising/lowering with e CTT in the suppressed 3d spinor indices. 

We next define 

Uj = -Ui{ai)J , tjj = -Ui(ai)J (5.84) 
and then split the above into a transverse and two tangential components on the sphere as 

Ui = K?g a + , U t = K?g a + $ Xi . (5.85) 

Having done that, we are now ready to express the parallel fermionic components of (5.8) in terms 
of the fields g a and A. 



Mass terms 

For the mass deformation we find 22 



i^Tr [^ ta Vc 



-ifiTc [-{N - 1)^ + jJUp a ^ + Jj3 a 4>Uj + J^Up a U a ^} 
ifiN 2 I d 2 aVl[U -U + \U + \h ab 9a9b] ■ 



(5.86) 



3d kinetic terms 



Similarly to the above one has 



Tr [^ a $i> a ] = -TV [-(N - + jJUfi + JfUUo? + J^Up a $U^] 

^ N 2 I d 2 aVh[^ - $0j> + -Jp$ij + ^h ab g a 0g b ] . 



(5.87) 



CCipip terms: i/i 2 -terms 

We can use as a starting point Eq. (5.21) and expand the fields accordingly 



-2/iN I d 3 xd 2 aVh 



2fiN I d 3 xd 2 aV / h \{ST a S~ l ) a g G a d a {G ]f3 )^ 



2 Note that the g a and ip fields obey Fermi statistics, and one can easily prove that e.g. Uiip = ipUi. 
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(5.88) 



Using J J 3 —> ^{xkOk — and substituting the relations (A. 9) and the traces (B.7) in the final 
line of (5.88), we get a simple mass term 



3ifiN 2 / d 3 xd 2 VI 



(5.1 



CCipijj terms: C/ 2 -terms 

For the C/ 2 -type terms we have 

2/xiV / d 3 xd 2 aVh \(ST a S- l ) a Jd a ^)^ a - kSTsS^rs^^ 



i 



2nN / d 3 xd 2 aVh {S^S^T d a {G^W^)(U^G^) - -(ST^S- l ) a G^UVUJ 1 G^ 



(5.90) 

which can be split into a term involving a derivative and one without a derivative. For the first we 
obtain 

f,N 2 



d 3 xd 2 a 



VI 



■(5u - xiXi)Tr [(x m a m - \)d k didjd.^UjU k 



(5.91) 



where we have used the identities on the sphere. Using once again the identities on the sphere and 
the traces (B.7), we obtain 



fiN 2 f d 3 xd 2 aVh 



—u ab G ab ^ + -^ 

where G a b = d a g b — d\,g a and g a 9b = 9b9a- For the second term in (5.90) we obtain similarly 



fj,N 2 J d 3 xd 2 a" 

In total for the £7 2 -type terms we get the simple expression 
ifiN 2 J d 3 xd 2 aVh 

Note that the mass term g a g a here precisely cancels the mass term coming from ^y a ip c 

CCipip terms: U-ip-terms 

For the U-tp-type terms we have 



rVl 



h ab g a 9b + ~-M 



X -Cj ah G ah ^ + - A U - \h ab g a g b 



(5.92) 



(5.93) 



(5.94) 



2fiN I d 3 xd 2 aVh (SFS-YpPaipWWa ~ -(STsS- 1 ) ^^ 

{ST a S~ l T [d a {G^^)U a »G^ + d a {G^uV)i>G c 



2/iN I d 3 xd 2 aVh 
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l -{ST z S- 1 r p [G^U 1 ^G a + G^^U^G^ 



(5.95) 



Through identities and manipulations all of which we have already seen, we get for the first term 



fiN 2 J d 3 xd 2 a\Fk 
fiN 2 [ d 3 xd 2 aVh 



1 



(d a g a )iP + -^=(d a Vh)g a 4> + (d a i))g a - 2%W + iQ: ab G ab ^ 
Vh 

2ii>tp + iCj ab G ab ^ 



(5.96) 



Since the fermion scalar products are symmetric under exchange, the first three terms in the first line 
above have cancelled. For the second term in (5.95) we get 



ifiN z I d 3 xd 2 a 



The final result for the U-ip-terms is simply 

HiN 2 J d 3 xd 2 a\Pk 



3^ + u ab G ab 4> 



(5.97) 



(5.98) 



Total result for the parallel fermions 

Collecting all the terms the total result from expanding the parallel fermions is 

- N 2 J d 2 aVh[$ - l -h$ii> - \$) + \h ab g a 0g b + ifiCo ab G ab (?P - ^) + 
= N 2 j d 2 oVh[-K$k + X -gJg a + ^Cb ab G ab A + i^AA] , 

where A = 2(ip — hi>)- 



(5.99) 



Disappearance of tp + }^ip parallel fermion mode 

The above result shows that the a priori independent quantities tp and ip combine into a single mode, 
in much the same way as it was observed in [27] for the scalar $ = 2r + <j> mode. In that case, the 
disappearance of the 2r — <p mode was due to the Higgs mechanism with the degree of freedom being 
eaten by the gauge field, which then became dynamical (Yang- Mills). For the fermions however, half 
the components are solved by the Dirac equation in terms of the other half, whereas for scalars no 
component is lost on-shell, and for a 2d gauge field all components are lost on-shell. For that reason, 
the twisting is expected to result in losing some components in the classical limit. 

In terms of algebra, the explanation is the same as for the case involving the scalars. Start with 



Vv 



i)G a + XJ a fi& 

^G a -e^^^{K?g a + ^)& 



and using 



ZAP 



(*i) 
2N 



-Ji& = J^&< — (N — 1)CP 



N + l~ 



G 1 



(5.100) 



(5.101) 
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one gets at leading N 



" l K?g a --e trr $& 



-a/3 2 

= l -KG a + l -Ktg a G 1 {a l )\. 



(5.102) 



5.3.5 Final action 



Collecting all the terms, the result for the twisted fields is 

2 i *r2,,2 N 2 



s 



j d 3 xd 2 a \fh 

- f 2 d a A^d a A» + N 2 ^ 2 F ab Cj ab <5> 



2tt) 8/ 2 ^ 



—J— p h F ab 
2 ab 

N 2 



v d^A a d»A a + Nfd^A a d a A^ 



-d^d^ 1 ® - N 2 fi 2 d a $d a <5> - N 2 (i 2 <S> 2 



+ N I I -T a £> 5 T d + ifj 1 T a T d , + /i.e. + --"(^Vga) E« - -d^& i a & - 3^E a 3 d 



N 2 (-MK + \g a $g a + ^ ab G ab A + ^AA 



After the rescalings in (5.41) and (5.42), as well as 



A -> A 



4tt/, 



iV 



4tt^ 
AT/i 



(5.103) 



(5.104) 



the final action is 



1 



^phys 



9ym 
1 



d 3 xd 2 aVh 



- A F AB F 



+ (^-T Q D 5 T d + -/iT Q T« + fc.cj + ^ 



2i 



-V S 2) 



(5.105) 



This is the twisted action of a D4-brane on S 2 . Comparing with the twisted action of [36] , we see the 
same kinetic terms appearing for the twisted fields, which is very encouraging. The only difference 
is in the appearance of the mass terms, which reflect the nontriviality of the background that the 
D4-brane is probing. This would imply that by dimensionally reducing the theory on the S 2 one has 
J\f = (no supersymmetry) , since we still have massless 3d bosons (A^) but no massless 3d fermions 
any more. 

But is not so unexpected: In [36], the supersymmetry stayed the same J\f = 1 throughout. Starting 
with a SU(A r ) action in 4d with M = 1, and in the classical limit for the fuzzy sphere background, 
one obtained a twisted 5-brane action that dimensionally reduces back to the same N = 1. Here by 
contrast, we start with an N = 6-invariant action, fuzzy sphere background and fluctuations. By 
compactifying the resulting D4-brane action for the fluctuations, we could have at most obtained 
M = 1 back in 3d, but in any case not N = 6. 
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5.4 Fuzzy sphere vs. fuzzy funnel and gravity dual picture 

In this subsection we come back to the issue of the fuzzy funnel in the undeformed ABJM theory. 
As was shown in [27], the result for the unrescaled finite- N bosonic action is the same for both the 
fuzzy sphere GRVV ground state and the fuzzy funnel BPS solution of ABJM, with the replacement 
of ix — > 5-. Roughly speaking, the reason is that the derivative d s played the role of fi when acting 
on the funnel profile Z a oc since <9 S [-^] = [55]^- All terms proportional to \i in the massive case 
were reproduced for the funnel with this substitution. 

In the case of the fermionic finite- N fluctuation action however, the only terms explicitly propor- 
tional to n are the mass terms from the original GRVV action, and these cannot be reproduced by 
d s acting on Z a any more, as can be seen simply using dimensional arguments. 23 Hence, the full 
unrescaled finite- N fluctuation action around the fuzzy funnel is different from that corresponding to 
expanding around the GRVV fuzzy sphere vacuum, and in particular is not supersymmetric. 

The only alternative possibility to get the 'mass' terms would be from the kinetic term V><9.sV>, if 
the fermion tp were also proportional to 4j. That however means that one would have to accordingly 
rescale the fermionic fluctuation tp. In fact, one needs to rescale even the bosonic fields in order to 
get to the standard form of the classical action, but that is also problematic: the derivative d s can 
act on all fields rescaled by \i ~ ^-dependent terms in Eq. (6.5) of [27]. The rescaled action then 
looks complicated and incomplete. 

Nevertheless, let us pause and ask what one would expect to recover: By comparison with the 
fuzzy sphere action, we want to obtain the action for a D4-brane on R 2 ' 1 x S 2 in the classical limit, 
perhaps with extra field configurations turned on in its worldvolume, giving a D2-brane charge. In 
fact, based on the supersymmetry analysis at the beginning of this section, one expects half the 
supersymmetry of the D4-brane action, with the system corresponding to a D2-brane ending on a D4 
(such that r s e = 1^3456 e). This would imply that our fluctuation action is missing both the D2-brane 
charge on the D4 worldvolume as well as the D2-D4 open string degrees of freedom. Only once these 
are taken into account, with a correct analysis of the modes along the s worldvolume direction, should 
one expect to find the correct brane action preserving \ the supersymmetry of the background. As 
it is, we can at most deduce that at s — > 00, when fi = ^- — > (but is still large enough so that 
the fuzzy sphere of radius R oc yfp, can be considered classical) the fuzzy funnel action coincides 
with the fuzzy sphere one. In that case, one is far away from the source of D2-brane charge, and 
thus only the D4-brane action remains. As the full picture for the fuzzy funnel case does not extend 
straightforwardly from the analysis performed in this paper, we will leave further investigation as an 
open question for the future. 

We conclude this section by providing a spacetime picture for the D4-brane on the fuzzy sphere, 
to further justify why one naturally recovers such a D4-brane action on S 2 in the classical limit. It 
was argued for the ^-theory case in [22] that the fuzzy sphere ground state for the massive BLG 
model in M-theory corresponds to a giant graviton D3-brane in type IIB, wrapping an S 3 inside 
the maximally supersymmetric pp-wave. With the correct A r -membrane picture being captured by 
ABJM, one can apply similar arguments for the mass-deformed case of GRVV, where however the 

23 0ne would need at least a term proportional to ipdsC 1 ^, which besides not being invariant, does not have the right 
dimension. 
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classical limit of the fuzzy sphere ground state contains one subtlety: The massive deformation of 
ABJM still corresponds in IIB to considering the maximally supersymmetric pp-wave background, 
but now one also has a orbifolding. Moreover, as was also the case in [27], the classical large- ./V 
limit together with the condition for small fluctuations forces us to additionally take k — > oo. 

By defining the 4+4 coordinates transverse to the IIB pp-wave as Z = (Z a , Z a ) with 

Z 1 = X 1 + iX 2 , Z 2 = X 3 + iX^ 

Z i =X 5 + iX 6 , Z 2 = X 7 + iX 8 (5.106) 

(and with X^ = X° ± X 9 ), then the giant graviton D3-brane wraps a sphere of radius 

(Z 1 ! 2 + \Z 2 \ 2 = R 2 . (5.107) 

If one then performs a T-duality along one of the Z a coordinates to type IIA string theory and lifts 
up to M-theory on a coordinate X 10 , the configuration becomes an M5-brane wrapping the S 3 and 
also extending in X°,X 9 ,X 10 . Going from BLG to ABJM corresponds to increasing the number of 
branes to N, while also dividing the target space by acting by Z l — > e 2m / k Z l , which shrinks the 
S 1 Hopf fibre of the S 3 fibration over S 2 k times. In the classical large-N, large-k limit one must then 
reduce M-theory to type IIA on the shrunk Hopf fibre coordinate as in [27], instead of X 10 , to obtain 
a D4-brane wrapping a classical S 2 ~ S 3 /S 1 and also extending in the coordinates X°,X 9 , X 10 . 

6 Conclusions and discussion 

In this paper we have continued the analysis of the fuzzy sphere/funnel solution for the massive/pure 
ABJM model initiated in [27]. In the latter it was shown that the solutions of [23] involved fuzzy 
2-sphere configurations, instead of the anticipated 3-spheres, although formulated in terms of bifun- 
damental rather than the usual adjoint matter fields. In this work, we have explicitly expressed these 
configurations in a way that is completely equivalent to the usual SU(2) construction. The represen- 
tations of the GRVV algebra (3.4) in terms of the bifundamental generators G a are equivalent to the 
ones of the SU(2) algebra in terms of the adjoint J;. Moreover, since (Ji,G a ) can be packaged neatly 
in a supermatrix form to give what is known as the 'fuzzy supersphere', we additionally obtained the 
statement that the latter is equivalent to the conventional bosonic fuzzy sphere. In the classical limit, 
g a = -^G a become Weyl-projected Killing spinors of S 2 (up to a phase that cannot be explicitly 
determined), thus suggesting that the G a can be thought of as fuzzy Killing spinors on the fuzzy S 2 . 
We also presented generalisations of these statements to the S and S 8 cases (corresponding to the 
second and third Hopf maps), as well as to CP 3 (corresponding to the embedding of the first Hopf 
map into the CP 3 Hopf map). 

We then obtained the full supersymmetric action for small fluctuations around a D4-brane on 
R 2 ' 1 x S 2 , starting from the classical (large- N) limit of the mass-deformed ABJM model around the 
fuzzy sphere solutions of [23]. This was done by completing the bosonic part of the fluctuation action, 
treated in [27], through the evaluation of the fermionic piece. The latter presented some interest- 
ing new features compared to the bosonic case. In particular, it raises the question about how the 
spinorial spherical harmonic expansion of spinors appears on the fuzzy sphere. In the usual (adjoint) 
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'deconstruction' approach of [36] for the fuzzy S 2 , one first obtains scalar functions expanded in the 
scalar fuzzy spherical harmonics Yi m (Ji), with the spinor or tensor structure appearing by diagonalis- 
ing the kinetic operators in the classical limit. In our present (bifundamental) construction, a natural 
guess would have been to expand in terms of Yi m {xi)g a , given the relation (4.19) between Killing 
spinors and spinorial spherical harmonics. However, there are subtle points to this argument. If one 
keeps the bosonic/fermionic structure dictated by the 3d part of the action, then the combination 
Yi m (xi)g a does indeed appear not only for fermions but also for bosons, and in particular for the set 
of transverse scalars q a . Moreover, even though we did obtain the usual maximally supersymmet- 
ric D4-brane action, the transition from finite to infinite N becomes harder to understand, e.g. the 
supersymmetry of the final action cannot be straightforwardly obtained from the finite- A version. 

The issue of supersymmetry for D-brane worldvolumes on curved spaces is intimately linked with 
the issue of twisting. We have reviewed why twisting is necessary when compactifying a D-brane 
theory and how it can appear when 'deconstructing' the theory, by revisiting the closely related case 
of [36] . We then applied a similar logic to our problem of interest and found a twisted supersymmetric 
D4-brane action, for which supersymmetry is easier to understand. A comparison with [36] yields 
various similarities but also significant differences. In particular, in the mass-deformed ABJM case 
the dimensionally-reduced, 'deconstructed' theory we naturally obtain preserves no supersymmetry, 
which is perhaps unexpected though not inconsistent. An interesting consequence of this analysis is 
that the fuzzy Killing spinor G a allows a unified presentation of twisted and untwisted fields, with 
the process of twisting reducing to adding or subtracting a G a . 

We should comment on the fact that one could never obtain a classical M5-brane action for the 
M2-M5 system described by the large- N fuzzy sphere background in this way. As explained in the 
introduction, in perturbation theory we are forced to take large k together with large N, and hence 
the Zfc reduction turns the S s into an S 2 by modding out the S 1 fibre of the Hopf fibration. But 
should one expect to find a classical M5-brane action in some limit, perhaps by computing the full 
D4-brane action, not just in the approximation of dealing with quadratic fluctuations? 

The action of multiple M5-branes is expected to be conformal and hence to have no coupling 
constant associated with it. As a result, in a perturbative expansion (for small fluctuations) of any 
kind, one should not expect to see the appearance of an M5. Moreover, the D4-brane coupling is 
given by 

9ym = 9sh = Rn = J , (6-1) 

therefore in the D4-brane perturbation theory that we uncovered, i.e. the quadratic action for which 
the ABJM coupling A = -c is kept fixed and small, one is always in the type IIA regime. By definition, 
the M5 appears at infinite D4-brane coupling, i.e. when N is infinite, if k is of order 1. In that case 
however, one would have to have knowledge of the full quantum D4-brane action. It follows that it is 
impossible to explicitly see the M5-brane appearing in the classical limit of the fuzzy sphere ground 
state. The M-brane dynamics would only emerge in the strong coupling limit of the theory. 

It is important to note that, to the best of our knowledge, there is still a puzzle relating to a 
discrepancy in the counting of vacua between the mass-deformed gauge theory of [23] and the dual 
geometries of [25, 26]. Resolving this issue, as well as completely understanding the space of solutions 
of the theory, is of significant interest for the following reason: Solutions of the GRVV algebra in terms 
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of same-size reducible representations should correspond to coincident multi-D4-brane configurations 
wrapping the same S 2 , as argued in Appendix C of [27]. It should be straightforward but essential to 
show that at the level of the fluctuation action. Then in the strong coupling (k = 1) limit one would 
recover a configuration of multiple, parallel M5-branes of M-theory in flat space, albeit with zero net 
M5-brane charge, in the same way that in the same limit of ABJM one recovers multiple M2-branes. 
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A Identities on the sphere 

In this appendix we repeat some useful identities presented in [27]. In obtaining the action for 
fluctuations on the (unit) classical sphere one needs to make use of a set of Killing vectors Kf. The 
explicit formulae for the latter are given by 



A7 = -sin0 Kf 
K$ = cos 4> K$ 
Ki = K* 




cot 6 cos 4> 
cot 9 sin cp 



(A.l) 



as in [52]. The relations between Cartesian and spherical coordinates is 



x\ = sin 6 cos 
xi = sin 6 sin 
£3 = cos 6 . 








(A.2) 



One can then explicitly evaluate the sets of identities 



£ijk x iKjKk = 

Kfd a K\ = 





d b Vh. 



(A.3) 



Further identities that were used for calculations in the main body of this paper include 



Xid a K* = Co ab 
e ijk d a K b iXj Kl = 
e ijk d a K b Km% x (sym.b <-> c) = 
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(d aXi )Kf = e ijk x k . (A.4) 
From the last relation we also obtain 

(d aXi )K? = 

€i jk (d a Xi)KjX k = 2 

e ijk {d a Xi)K?K b k = 0. (A.5) 

The 2d gamma-matrices in spherical coordinates can then be obtained with the knowledge of the 
vielbeins 

4 = diag(l,sin0) (A.6) 

and the fact that in a Cartesian coordinate frame the 2d gamma-matrices are Tj = cjj, with i = 1, 2 
and <7j the usual Pauli matrices. The chirality matrix is given by 73 = — io\(J2 = 03 = ^3- Then 

(r% = and (I*)", = -^(02)^ • (A.7) 

In going between Cartesian and spherical expressions on the sphere we make use of the following 
unitary rotation matrix 

b ~ V M cos fe-^/ 2 -» sin f e"^ 2 J ' (A " 8j 



One can then show that 



(SP^S- 1 )^ = S£ + V (A.9) 
where P± = ^(1 ± T3) are projectors for gamma matrices in 2d. 



B Gamma matrix relations and conventions 

We first define some conventions for spinors in 2+ Id. We will follow the standard ABJM notation of 
[53], so that for worldvolume metric rf ,v = diag(— 1, +1, +1) with [i = 0, 1, 2 one uses Dirac matrices 
7^ = (i<T 2 , a 1 , <7 3 ) satisfying 7^7^ = jf + e^ v ^^\. For completeness, the fermionic indices, which we 
will denote with a hat to avoid confusion with other indices, are raised and lowered as a = e ab 6^ 
and 9 a = C"t8 b , with e 12 = —e\2 = 1, so that e a6 e^ = — <5f • Note that lowering the spinor indices on 
the 7's makes them symmetric 7^ = (— 11, — a 3 , a 1 ). In terms of notation that will mean that scalar 
fermion quantities will imply an index contraction as per the 'SW-NE' rule tp 2 = ipip = Tp a '4' a - 

It can be checked that if one lowers the indices on (&i) a p, one gets a symmetric matrix, {<Ji) a p = 
(ai){3 a . Then the same also applies for (r a ) a p and (T 3 ) a p, i.e. (T a ) a/ 3 = (r a )/? Q and (T 3 ) af3 = (T 3 )p a . 
Then it can be easily shown that 

Wp = Mf> a = wP / 'W* (B.l) 

and thus also 

(a t )% = (a t )Y . (B.2) 
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Similarly, one can also prove (using the reality condition for S) that 
and hence 



(Sa^- 1 )^ = (Sa.S- 1 )^ (B.3) 



(ST a S- l T p = {ST a S- l ) p a 

(STsS-Yp = (STsS- 1 )^. (B.4) 

Prom the above it would seem that one does not need to remember the matrix (horizontal) order in 
the indices, but that is not so since there is one exception: 

8f = e aQ ,e^>V = > (B.5) 

which means that 

G a G^ = J J y(x m a m + 1)/ = y (rr m a m - 1)^ . (B.6) 
The following trace identities are also useful 

Tr [BiUj] = 2Sij 

Tr [didjd k ] = -2e ijk 

Tr [aiajatai] = 2(5ij5ki + SuSjk - SikSji) 

Tr [aid-jCrkO-lCTm] = —2i(5ij€klm + ^Im^ijk + SklGmij — Skm^ijl) ■ (B.7) 
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